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Abstract. In connection with the weak null condition, Alinhac introduced a 
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sufficient condition for global existence of small amplitude solutions to systems 



of semilinear wave equations in three space dimensions. We introduce a slightly 



weaker sufficient condition for the small data global existence, and we investigate 
the asymptotic pointwise behavior of global solutions for systems satisfying this 
condition. As an application, the asymptotic behavior of global solutions under 
the Alinhac condition is also derived. 



1. Introduction 

This paper is devoted to the study of the Cauchy problem for systems of semi- 
linear wave equations in three space dimensions. Throughout this paper, for the 
variables t G M and x = (xi,X2,Xs) G R 3 , we use the notation 



>: 

d d 

d = d t = —, d k = — , k = 1,2,3. 
^D; dt' dxu 

A x and □ denote the Laplacian and the d'Alembertian, respectively; namely we 

define A x = Ylt=i ®l anc ^ ^ = ®t ~ ^x- F° r a matrix (or vector) B, its transpose 

is written as B T . 

We consider the Cauchy problem for systems of semilinear wave equations of the 
type 



Ouj = Fj(u,du) in(0,oo)xM 3 , j = l,2,...,N (1.1) 
with initial data 

u{0,x) = sf(x), (d t u)(0, x) = eg{x) for x G M 3 , (1.2) 

where u = (ui, . . . , un) t and du = (8qu, d\u, c^it, d$u). Here each Uj is supposed 
to be a real-valued function of (t, x) G [0, oo) x M 3 . We assume that / = (//)?<i<jv> 
g = (gj)i<j<N G (^^(IR 3 ; M N ) in (11. 2p . and that e is a small and positive parameter. 
We refer to (/, g) as the initial profile in what follows. Throughout this paper, we 
always assume for simplicity that each Fj with 1 < j < N is a homogeneous 
polynomial of degree 2 in its arguments (it, du). 

We say that the small data global existence (or SDGE in short) holds for (II. ip 
if for any f,g G C^°(1R 3 ; Mr), there exists a positive constant Eq such that for any 
e G (0, £o] the Cauchy problem (ll.ip -f fL"2"j) possesses a global classical solution u G 
C°°([0, oo) x R 3 ;]^^). It is known that SDGE does not hold for general quadratic 
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nonlinearity (see John [8] and [9]). Klainerman (16] introduced the null condition, 
and proved SDGE for (11.11) under the null condition (see also Christodoulou [5]). 
To state the null condition, we introduce the reduced nonlinearity 



nred, 



X, Y) := Fj (X, {-Y, u^Y, oj 2 Y, u 3 Y)) , 1 < j < N 



for u = (wi, co 2 , co 3 ) e S 2 , X = (X u . . . , X N ) T G R N , and y = (Y u . . . , Y N ) T e R N , 
where S 2 denotes the unit sphere in M 3 . In other words, Fj ed is obtained by 
substituting Xk and u a Yk (with 1 < k < N and < a < 3) for Uk and O a Uk in 
Fj(u,du), respectively, where Uq = —1. We say that F = (-P})i<y<jV satisfies the 
null condition if 

F; ed (w, x, y) = o, 1 < j < N, X, Y e R^, w e 5 2 . (1.3) 

We introduce the null forms 

3 

QoM) :=(dt<P)iM) ~ $^(^)(^), (1.4) 

k=l 

QabM) :={d a <p){d h ilj) - (d b <p)(d a iP), 0<a<b<3. (1.5) 

When each Fj is a homogeneous polynomial of degree 2 in (u,du), as is assumed, 
we can show that F = {Fj)J K j <N satisfies the null condition if and only if F can 
be written as 

N, 3 X 

Fj(u, du) = ( r°j' kl Q (u k , Ul ) + ^ rf M Qab{u k , u t ) j , 1 < j < N (1.6) 

k,l=l ^ a,fe=0 ' 

with some constants r®' kl and rj 6,fc? (see [16] for instance). We can also show that 
if the null condition is satisfied, then the global solution u to f ll.ip - fll.2p for small 
e is asymptotically free in the energy sense, that is to say, there exists a solution u 
to the free wave equation Uu = with some data in H 1 (R 3 ) x L 2 (M 3 ) such that 

hm||(«-S)(V)i| E = 0, (1.7) 

t— >oo 

where if 1 (M 3 ) is the homogeneous Sobolev space, and the energy norm || • \\e is 
given by 

MV)IU:= (^ J^(\dMt,x)\ 2 + \VMt,*)\ 2 ) dx^J ' ■ (1.8) 

Since we have the conservation of the energy \\u(t, -)\\ E = \\u(0,-)\\ E for the free 
solution u, (ll.7p implies 

lim|Kt,-)L = R0,-)L- (1.9) 

c— >oo 

In order to understand the null condition, we introduce the reduced system. 
For this purpose, first we recall the asymptotic behavior of the free solution: Let 
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<p,ip G C^°(1R 3 ;IR), and consider the Cauchy problem for the single wave equation 

Ou {t, x) = for (t, x) G (0, oo) x R 3 , (1.10) 

u o (0,ar) = (p(x), (d t u o )(0,x) = if>(x) for x G R 3 . (1.11) 

It is well known that the solution uq to fil.10p - fll.lip can be written as 

where dS y is the area element of the sphere with radius t centered at x. Suppose 
that 

supp (p U supp ip C Br := {x G R 3 ; \x\ < R} 

with a positive constant R. Then ( jl,12p implies that Uo(t,x) = for any (t,x) G 
[0, oo) x IR 3 satisfying |r — 1\ > R with r = \x\ (this property is called the (strong) 
Huygens principle). Hence it is reasonable to consider the asymptotic behavior of 
Uq for large t (or equivalently large r) with r — t being fixed; then we can expect 
that the integrals over the sphere of radius t centered at x = ru (with u = |x| _1 x) 
in (11.121) tend to those over the tangential plane of the sphere at the point {r — t)u. 
This is the motivation to introduce the Friedlander radiation field 

To [<p, V>] (a, u) = ^ (K fofl (a, u) - (d a TZ [<p]) (a, u)) (1.13) 

for (o~,uj) G K x S* 2 , where 72. [/i] is the Radon transform of a function h given by 

^]((T,a;)= / h{y)dS' y . (1.14) 

»/ y-u)=(T 

Here (iS 1 ^, is the area element of the plane {y G M 3 ; y • w = a}. It is known that for 
the solution u to (jl.lOjl - fll.lip we have 

\ru (t, ru) - JFq [tp, i/;} (r -t,u)\ 

3 

+ ^H d a u o)(-t^u)-u a (d a To[(p,ip})(r-t,u)\ < Cil + t + r)- 1 (1.15) 

a=0 

for any w = (cji, U2, W3) G S* 2 and any (t,r) satisfying r > t/2 > 1, where we have 
set w = -1 as before, and C is a positive constant determined by <p and t/> (see 
Hormander [3 Theorem 6.2.1] for instance; see also Katayama-Kubo [13]). 

Let w be the solution to ( ll.ip -( IL~2l . Motivated by the Friedlander radiation field, 
and taking account of the lifespan of the solution for the case of general quadratic 
nonlinearity, we seek an approximation of the solution u of the form 

er~ x U (e log t,r — t,u), 

which approximates u(t, no) as e tends to 0, with r = e logt, a = r — t, and cj(g S 2 ) 
being fixed. Formal calculations show that U = U(t,o~,uj) = (Uj(T,o-,uj))J < j <N 
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should be determined by 

-2d T d ff Uj(T,a,u) =F] cd {u,U{T,a,u),d a U{r,(T,u)), 1 < j < N, (1.16) 

which is called the reduced system (the quasi-linear version of this system was 
successfully used in the detailed study of the lifespan of the solution; see John pj] 
and Hormander [6]). Now we understand that the null condition (11.31) says that 
the right-hand side of (11.161) vanishes identically, and we can solve (I1.16P globally. 
From this observation, Lindblad-Rodnianski [21] introduced the notion of the weak 
null condition, which means that the reduced system always has global solutions 
with at most exponential growth in r (see also [22]); it is conjectured that the weak 
null condition implies SDGE, but this conjecture is still open. 

In connection with the weak null condition, Alinhac [3] considered the case of 
F = F(du), and introduced a sufficient condition for SDGE, which is stronger than 
the weak null condition, but still weaker than the null condition. For simplicity 
of exposition, when Fj = Fj(du), we omit X in Fj(u, X, Y) and write Fj ed = 
Fj ed (u,Y) for 1 < j < N in what follows. If we write Uq = —1, u = (ui, U2, oj^) G 
S 2 , and Y = {Yj)J < j <N G M. N , then his condition can be read as follows: 

Condition 1.1 (Alinhac [3]). There exist a real valued function M = M(u,Y), 
an M^-valued function (3 = = (f3j(u))f < j <N , a positive integer N , and linear 
forms gji = gji(u, Y) and hi = hi(uj,Y) in Y, which can be written as 

N 

gjl (u,Y) =J2gnAu)Y k , l<j<N,l<l<N , (1.17) 

k=l 

3 N 

ht(u, Y)=J2J2 hkaOo a Y k , 1<1<N (1.18) 

a=0 k=l 

with smooth coefficients = gji^u) and real constants hi^a, such that 

M(u, Y)^(u), l<3 <N, (u, Y)eS 2 x R N , (1.19) 

N 

J^gjiiu^hti^Y), l<j<N, (co,Y)eS 2 xR N , (1.20) 
i=i 

--0, 1<1<N , tueS 2 . (1.21) 

Remark 1.2. (05)1 . (TOOll . and ( fOTll yield 

M(u,P(u)) = 0, ueS 2 . (1.22) 

The weak null condition follows from (jl,19p and f ll.22p . but it is not known if these 
two conditions (11.19)) and dl .22)) are sufficient for SDGE (see Alinhac [3]). 



F] ed (u,Y) = 
hi (co,f3(co)) = 
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It is easy to see that the null condition implies Condition 11.11 A simple example 
satisfying Condition 11.11 but not the null condition is 

Dui = (diUi)(d 1 u 2 - d 2 Ui), ^ 
Du 2 = {d 2 u 1 )(diu 2 - d 2 ui) 

in (0, oo) x R 3 . We have Ff d = u&faYi - u 2 Y x ) and F 2 red = u 2 Y x {u x Y 2 - u 2 Y x ), 
and we find that Condition 11.11 is satisfied with 

M(u,Y) = YtfaYi-uzYj), P(u) = (u u u 2 ) T , 

N = 1, g n (uj, Y) = wiYi, g 2 i(u), Y) = u 2 Y h h^u, Y) = io{Y 2 - u 2 Y 1 . 
If we put w = diu 2 — d 2 Ui, which corresponds to hi above, then we obtain 

Oui = w(diUi), 

Uu 2 = w(d 2 ui), (1.24) 
Dw = diDu 2 - d 2 Dui = Qn(w, ui). 

As we will see later, this hidden structure plays an important role in deriving global 
solutions. Concerning the asymptotic behavior, Katayama-Kubo [12j showed that 
global solutions under Condition 11.11 may not be asymptotically free in the energy 
sense: For example, it is shown that for some initial profile, there exists a positive 
constant C such that 

\\u(t)\\ E >Ce(l + tf £ for small e, (1.25) 

where u = (ui,u 2 ) T is the global solution to (II. 23ft (or equivalently (ui,u 2 ,w) T is 
the global solution to (jl.24p ). The estimate dl .25[) makes a sharp contrast to (11.91) . 
and the solution u cannot be asymptotically free in the energy sense for such data. 
Now the following questions arise: 

Question 1.3. We know that sometimes the global solution to (II. ip is asymptot- 
ically free, and sometimes not so with increasing energy. Do we have other kind 
of the asymptotic behavior? Especially, is there some nonlinearity F such that the 
global solution to (II. ip for some small data behaves differently from free solutions, 
although its energy stays bounded from above and below by positive constants? 

Question 1.4. In addition to Condition 11.11 from Alinhac [3], what condition do 
we need in order to ensure that the global solutions with small data behave like 
free solutions? 

In this paper, motivated by the Friedlander radiation field, we will investigate 
the asymptotic pointwise behavior of global solutions for large t with r — t and u 
being fixed, under a certain condition which is related to Condition ll.l| and we 
will answer the two questions above from this point of view. 

Throughout this paper, as usual, various positive constants will be indicated just 
by the same letter C, and its actual value may change line by line. 
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2. The Main Results 

2.1. Notation. First we introduce some notation. We define the vector fields 

S :=td t + x-V x , (2.1) 

L =(L U L 2 , L z ) := tV x + x8 t = (tdj + Xjdt)^^, (2.2) 

SI =(fli, 2 , fi 3 ) := x x V x = (x 2 <9 3 - x 3 d 2 , x z 8 x - 2i<9 3 , Xi<9 2 - x 2 8 1 ), (2.3) 

d -. = (80,8^82, da), (2.4) 

where V x = (<9i, <9 2 , <9 3 ). Here the symbols "•" and "x" denote the inner and 
exterior products in IR 3 , respectively. We put 

T = (r , Ti, . . . , Tio) = (S, L, fl, 8) = (S, {Lj)i<j<3, (ty)i<j<3, (8 a )o< a <3) , (2.5) 

and we write T a = r^T" 1 • • • T"q° with a multi-index a = (a , a\, . . . , a w ). For a 
nonnegative integer s and a smooth function (p = ip(t,x), we define 

\<p(t,x)\.= \FMt,x)l and ||p(V)||.= 

\ct\<s 

For (<f,ip) G H^R 3 ) x L 2 (R 3 ), we define 

Uo[(p,ip)(t,x) := u (t,x), (2.7) 

where uq is the solution to fll.lOD - fll.llj) with 

(uo,d t u ) E C([0,ooy,H\R 3 )) x C([0, 00); L 2 (R 3 )). 

Here if 1 (R 3 ) denotes the homogeneous Sobolev space which is the completion of 
C^°(M 3 ) with respect to the norm ||<^||#-i( K 3) = || ^xf\\L 2 {R 3 )- 

For z G M. d with a positive integer d, the notation (z) = a/1 + \z\ 2 will be used 
throughout this paper. As in the introduction, we always put 

u = -1 

in what follows. 

For the later convenience we allow / and g in (11.21) to depend on e. More 
precisely, let X N be the set of all mappings 

(f,g) : [0,1)3 e^(f(-,e),g(-,e))eC^(R 3 ;R N )xC^(R 3 ;R N ) 

having the following two properties: 

(1) There is some R > 0, depending on (f,g), such that (f(x;e),g(x;e)) = 
(0,0) for \x\ > R and e 6 [0, 1]. 

(2) For any nonnegative integer s, we have 

sup e- 1 V (|^(/(x; £ )-/(a;;0))| + |^(^(x; e) - <7(z; 0)) |) < 00. 

v ' J ' I CK I < S 
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Here d x = (<9i, <9 2 , <9 3 ), and we have used the standard notation of multi-indices. 
We replace the initial condition (II. 2ft with 

u(0,x) = ef(x;e), (d t u)(0,x) = eg(x;e) for x G IR 3 , (2.8) 

where (/, g) G Xn, an d e is positive and small. 

2.2. Basic assumption and examples. To state the main condition for our 
results, we introduce the following equivalence relation, which is motivated by the 
enhanced decay estimate for the null forms (see Lemma [3.31 below): 

Definition 2.1. Let F in (II. ip be given, and let D C X^. 

For <&(o>, u, du) and ^f(u>, u, du), which are homogeneous polynomials of degree 2 
in (u, du) with smooth coefficients depending on u G S 2 , we write 

$(u,u,du) ~ ty(uj,u,du), 

if for any nonnegative integer s there exists a positive constant C s such that the 
following property holds: Ifu = u(t,x) satisfies (II. II) - (12.81) forO <t<T with some 
(f,g) G D, e G (0, 1], and T > 0, then it holds that 

|$ u(t, x), du(t, x)) — (Jx\~ l x, u{t, x), du(t, x)) | 

< C s (t + (\u(t,x)\ [s/2 ] + i\du(t,x)\ s + \du(t, x)\ [s/2 ]\u(t, x)\ s+1 ) (2.9) 

for any (t,x) G [0,T) x IR 3 satisfying \x\ > t/2 > 1. 

Now, motivated by (jl.24p . we introduce the following condition which we put on 
the nonlinearity F(u,du) = (Fj(u,du))f < j <N in our theorems: 

Condition 2.2. Setting 

(v T , w T ) =(vx, ...,V N i,Wx,..., w N ,<) 

:=(«i, . . . , u N >, Wjv'+i, • • • u N ) = u T (2.10) 
with N' + N" = N, we can write F as 

where each Fj is a homogeneous polynomial of degree 2 in du, and 

3 N' N" 



a=0 k=l 1=1 



with some constants Pj a ' ', furthermore, there exist some subset D of Xn, and some 
homogeneous polynomials Gj(u,u,du) (1 < j < N') of degree 2 in (u,du), which 
have the form 

3 N' N" / 3 \ 

Gj{uj, u, du) = J2[ c 7k( u ) w i + Yl d< jk\u){d b wi) (d a v k ) (2.12) 



a=0 k=l 1=1 \ b=0 
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with smooth coefficients cjjjf and d^ b on S 2 , such that 

F^eujs/ ^"-^' (2.13) 
n ' 7 [0, N + 1 < j < N. v 7 

It may seem difficult to check Condition 12 .21 because it contains the relation given 
by the inequality (12. 9p . Here we give two kinds of algebraic conditions to ensure 
Condition EZ2 

Proposition 2.3. (1) Let u = (u\, . . . ,%) T , and let v and w be given by (I2.10p . 
Suppose that F = (-P})i<j<jv £/ie /orm 

jl ' j iv' + i<j<iv, l ^ i4j 

where Gj is given by 

3 N' N" / 3 \ 

a=0 fe=l 1=1 \ b=0 j 

with some constants and , while F° = (Fj)i<j<N satisfies the null condi- 
tion. Then Condition 12.21 is satisfied with D = X^ and Gj(u,u,du) = Gj(u,du) 
for l<j< N'. 

(2) Let Fj = Fj(du) be a homogeneous polynomial of degree 2 in its arguments for 
1 < j < N. Then the system (II. ip satisfying Condition \l.l\ with the initial condi- 
tion ( 12. 8 p for (f,g) G Xn can be reduced to another system of some size N*(> N), 
for which Condition \1.1\ is satisfied with appropriately chosen D(<Z X^*). 

We will prove Proposition 12.31 in Section HJ Note that the null condition implies 
Condition O with D = X N , because (T2TT4"P holds with Gj = 0. 

Remark 2.4. Our condition can be slightly weakened: We can add such terms 
as wi(d a w m ) to F 2 for 1 < j < N' in (12. lip , and such ones as W[(d a w m ) and 
(dbWi)(d a w m ), with smooth coefficients on S 2 , to Gj for 1 < j < N' in (12 . 1 2f) 



(here I and m run from 1 to N"; a and b from to 3). These terms have been 
omitted just for simplicity of exposition. Indeed, in order to treat them, we only 
need to duplicate the equations for w, add them to the original system for u, and 
regard original u and duplicated w as new v and w, respectively (namely we put 
VN'+m = w m for 1 < m < N", so that we have W[(d a w m ) = Wi(d a v N i +m ) and so on); 
we can see that Condition 12.21 is satisfied for this extended system with N + N" 
components. The same is true for (1) of Proposition 12.31 
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2.3. Global existence. We define M + := [0, oo). Concerning the existence of 
global solutions, we have the following: 

Theorem 2.5. We fix a positive integer m > 5. We also fix two positive constants 
A and p satisfying < A < 1/20 and 1/2 < p < 1 — 6A. Suppose that Condition \2.2\ 
is fulfilled. Let D(c Xn) be from Condition 12.21 If (f,g) G D, then there exists a 
positive constant Eq(< 1) such that for every e G (0, Eq] the Cauchy problem (11. ip - 
(12. 8p admits a unique global solution u G C°°(IR + x M. 3 ; M. ). Moreover there exists 
a positive constant C such that 

SUp (t + \x\) I (t + \x\)~ X \v(t,x)\ m+ i 

(t,i)6l + xR 3 

+ {t-\x\) p \w(t,x)\ m+2 } <Ce, (2.15) 

sup {(1 + t)- x \\dv(t, -)|| 2m + \\dw(t, OUam} < Ce (2.16) 



for e G (0, £o]> where v = (v i, . . . , vn>) t and w = (wi, . . . , wn") t are given by 

(J2Z0D. 

// we put 

Vj = v 3 ~ £ ^o[fj,9j] and w k = w k - eU [f N t +k) g N '+k] 
for 1 < j < N' and 1 < k < N" , then we also have 
sup (t+\x\) l(t+\x\y x \v{t,x)\ m+1 

+ {t- \x\) p \ti(t,x)\ m+2 } < Ce 2 , (2.17) 
sup {(1 + t)- x \\dv(t, -)|| 2m + \\dw(t, Olbm} < Ce 2 . (2.18) 



Here Uo[fj,9j] means U [fj(-; e), ^(-; e)) for 1 < j < N. 

This result can be proved by some modification of the arguments in Alinhac [3] 
(see also [1 2J ) . We will give the proof of Theorem 12.51 in Section [5j The estimates 
(12.15p - (12.18p play important roles in the proof of our next theorem on the pointwise 
behavior of the solutions. 

2.4. Asymptotic pointwise behavior. Suppose that Condition 12.21 is fulfilled. 

Let an IR^'-valued function 

C = C(o-,uj) = (Ci(er,w), • • .,Cn"(o-,u)) t 
of (cx, Co>) G M x S 2 be given. We define an N' x N' matrix- valued function A[(] by 

l<j,k<N' ' 

(2.19) 

A jk [(] (o-,lo) = - -J2"aJ2( 4^)^ ^ + E d^u^ia, U ) (2.20) 

a=0 1=1 ^ b=0 ' 
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for (a, oo) G Rx S 2 , where the functions c a £ and d a ^ k h are from (I2.12p in Condition^ 
For a matrix B we define e B (= exp B) in the standard way of 



oo 

e B = i+£>, 



kY 

k=l 

where I is the identity matrix. 

Now we are in a position to state our main result on the asymptotic pointwise 
behavior: 

Theorem 2.6. Assume that Condition \'2.'2\ is fulfilled, and let X, p and eo be from 
Theorem 12.51 Let D(c X N ) be from Condition \2. 2[ 

Suppose that we have < e < Eo- Let u = (f T ,w T ) T be the global solution 
to flUD-flZS]) with (f,g) G D. Then there exist V = V{a,oo) = (Vj{a, oo))J <j<N ,, 
W = W(a,u) = (Wk(c, u)) 1<k<N „, and a positive constant C such that we have 

3 

\r{d a v)(t,ru) - eo; a e (Elog *) A[wl(r - t '^(a (T F)(r -t,u)\ 

a=0 

< Cs (t + r} 3 ^ 06 - 1 , (2.21) 
\rw(t,rw)-£W(r-t,w)\ < Ce (t + r) 2A_1 (i-r) 1 "", (2.22) 

3 

\r(d a w)(t, tuj) - £u a (d a W)(r - t,u)\ < Ce (t + r} 2 ^ 1 (t - r)~ p (2.23) 

a=0 

for any (t,r) G IR + x M + with r > t/2 > 1, and any oo = (001,002,003) G S 2 , where 
A[W](o~, 00) is given by (12 . 19[) . Here V and W may depend on e, but the constant 
C is independent of e. 

Moreover, there exists a positive constant C , being independent of e, such that 
we have 

N> 

Y,\d*V 3 (a,oo) -d a ^[f 3 ,g 3 ](a,oo)\ < Ce(l + |a|) 3A+C£ -\ (2.24) 
i=i 

N" 

^\%W k (<r,u>) -d l a To[f k+N >,g k+N >](<J,u)\ < Ce(l + \<r\)-'- 1 (2.25) 

k=l 

for any (a, 00) G R x S 2 and I — 0, 1, where To is defined by fll . 13 j) . Here J-'oifj, 9j] 
means J r [f j (-;e),g j (-;e)} for l<j<N. 

In what follows, we refer to V in the above as the modified asymptotic profile for 
v, and W as the standard asymptotic profile for w. 

Remark 2.7. (i) Let (cp,ip) G C£° x C°°, and suppose that (cp,^) ^ (0,0). Then 
we have d a To [<p, ip) ^ (see Section 13.31 below). Hence, for each j G {1, . . . , N'} 
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(resp. k G {1, . . . , N"}), it follows from f l2^j) (resp. f l2T25|) ) that 
d^V,- ^ (resp. d a W k ^ 0) for < e < 1, 

unless 

(/,(•; 0),^(-;0)) = (0,0) (resp. ( f k+N ,(-; 0), g k+N ,(-- 0)) = (0,0)) 
in Theorem 12.61 

(ii) If (p,i/> G C °°(M 3 ), then T Q [p,ip]{a,uj) = for large \a\ (see ( Km below), 
and T Q [p,^\ is bounded inlx5 2 . Therefore (|2T24jl and ( I2~25l) yield 

<C(1 + M) 3A+C£ -\ (2.26) 

\d l a W(a,u)\<C(l + \a\)- p - 1 , 1 = 0,1 (2.27) 

for (<r, u) EM. x S 2 and < £ < Eo, respectively. 

The asymptotic behavior in the energy sense also follows from Theorem 12.61 



Corollary 2.8. Suppose that all the assumptions in Theorem YlM are fulfilled, and 
let u = (v T ,w T ) T , W , and D be as in Theorem 12.61 Then, for (f,g) G D and 
sufficiently small e > 0, there exist some functions (//,<//) G H^M. 3 ) x L 2 (R 3 ) 
(j = 1, . . . , N) such that we have 

1/2 



lim 

t— >QO 



~ £ ||e- ^'^(t, •) - a «+(f, .)||! 2(R3) = 0, (2.28) 



a=0 



lim \\w(t,-)-w + (t r )\\ E = } (2.29) 

t— )-oo 

w/iere 

((v + ) T , (w + ) T ) = (v+, v+„ «;+..., «;+„) = (e W [/i + , <7i + ], ■ ■ ■ , eW [/+ <?+]) , 

(elogt)A[W](|z| -t,x/\x\), (t,x) G [2,oo) x (M 3 \{0}), 
O, otherwise. 

Here || • \\e is given by (II. 8p . and O zs i/ie ^ero matrix. 



Theorem 12.61 and Corollary 12.81 will be proved in Sections [6] and [7J respectively. 

Comparing f |2.22j) and f!2.23|) with (I1.15p . we see that w behaves similarly to the 
free solutions in the pointwise sense (and (I2.29P says that w is asymptotically free 
in the energy sense), but v may behave quite differently from the free solutions 
because of the exponential factor in f)2.2ip (and also in (I2.28j) ) . Here we give some 
applications of Theorem l2.6l to answer Question ll.3l in the introduction. To simplify 
the exposition, we introduce the following notation: For functions ip = <p(t, r, uj) 
and ip = ijj(t, r, ui) of (t, r, uj) G M + x M + x S 2 , we write (p(t, r, uj) ~ ip(t, r, uj), if we 
have 

lim \((p-i/j)(t,t + a,u)\ = 0, (a,uj) GlxS 2 . 

t— too 
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Example 2.9. Let (ui,u 2 ,w) T be the global solution to ( jl.24j) with initial data 

(ui,u 2 ,w) T = e(fx, f 2 , f 3 ) T , {d t ui,d t u 2 , d t w) T = e(g 1 ,g 2 ,g 3 ) T at t = 0, (2.30) 

and set t> = (t>i,t>2) T = (wi,'U2) T , where e is assumed to be sufficiently small. We 
suppose (/, g) G X 3 with / = (fj)i<j <3 and g = {gj)i<j< 3 - Note that if we want to 
treat fll.23p . then we only have to impose restrictions 

fa = 9J 2 - d 2 fi, g 3 = d x g 2 - d 2 g x . (2.31) 

Concerning (jl.24p . we get 



e -rwiC(cr,oj)/2 




for (<t,w) GKx S 2 and r 6l, where ((w 2 M)(e-™ 1 « CT ^/ 2 - 1) 
as — 2~ 1 tu 2 ((<j, w)| . By Theorem I2.6[ there exist an R 2 -valued function V 
V(<7, w) = (Vi(a,u), V 2 (a, w)) T and a real-valued function = W(a,u>) such that 

r(a a «i)(t,rw) weWar^-^^/^r-t.w), (2.32) 

r(d a v 2 )(t,ru) « (r^^-^V 2 - l) (9 ff ^)(r - 

+ ew a (3 (r y 2 )(r-t,a;), (2.33) 
rw(t, rw) ps £W(r — t, w), r(d a w)(t, rw) ps eu a {d a W)(r — t, u) (2.34) 

for < a < 3. From this asymptotic pointwise behavior, we find that dv\ decays 
slower than the free solutions along the line { (t, (t + a)u); t > 0} for fixed (a, u>) G 
R x S* 2 if uj\W{a, to) < 0, and faster if cuiW(cr, oj) > 0. We can also recover the 
previous result in [T2] from f l2.32p - fl2.34p ; namely we can show that if we choose 
appropriate initial profile (satisfying f)2.3ip ). then we have 

deil + tf l£ < \\u(t)\\ E < C 2 e(l + tf 2£ (2.35) 

with some positive constants C\ and C 2 . (12.351) . as well as (I2.39|) and f)2.42p below, 
will be proved in Proposition 17.41 

Example 2.10. Let u = (ui,u 2 ,u 3 ) T = (vi,v 2 ,w) T , and consider 

'n Vl = -2(d t w)(d t v 2 ) + F?(du), 

Uv 2 = F$(du), (2.36) 
Dw = F°(du) 

in (0, oo) x R 3 with the initial condition ( 12. 8ft for small e, where F° = (Fj)J <j<3 
satisfies the null condition (note that a similar and simpler example is mentioned 
in [21] and [22] as an example for the weak null condition). Then we have 

A[(](*,u) = (° P*0(^ , and e^^) = (l r ^\(^ 
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for (a, u) £ R x S 2 and r £ R. By Theorem I2.6[ for any (/, g) £ there exist 
V = V(a, w) and = W(cr, w) such that we have (EM]) and 

r(9 fi)(t,ro;) ^ euj a (d a Vi){r - t,u) 

+ £ 2 a; a (logt) (9 ff W)(r - t, co)(d a V 2 )(r - t, 00), (2.37) 
r{d a v 2 ){t,ru) & eu a (d a V 2 )(r - t,u) (2.38) 

for < a < 3. This asymptotic pointwise behavior results in the slower growth of 
the energy than (12.351) ; if we choose appropriate initial profile, then we have 

C\ [e + e 2 log(l + tf) < \\u(t)\\ E < C 2 (e + e 2 \og(l + t)) (2.39) 

with some positive constants C\ and C 2 - We remark that this kind of logarithmic 
growth of the energy was observed by Sunagawa [23] for a system of semilinear 
Klein-Gordon equations with different masses (see also [21] for the pointwise be- 
havior) . 

Example 2.11. Let u = (ui,U2,u 3 ) T = (vi,v 2 ,w) T , and we consider 

'n Vl = -2(d t w)(d t v 2 ) + F?(du), 

Dv 2 = 2(d t w)(d t v l ) + F°(du), (2.40) 
Uw = F°(du) 



in (0, oo) x R 3 with the initial condition (I2.8p . where F° = (•^j ) )^ < - <3 satisfies the 
null condition as before, and e is assumed to be sufficiently small. For this example, 
we have 

' o r 



A[C](<7,w) = (d a ()(a,U; 4 ^ () 

Hence, by Theorem 12.61 for any (/, g) £ X% there exist V = V(a,u) and W 
W(a,oo) such that we have (12.341) and 

r(d a vi)(t,ru)\ _ ( s \ogt)A[W}( r -t,u) ( (d a Vi)(r - t,u) 
r(d a v 2 )(t,ru) J ~ £Ua6 Ud a V 2 ){r-t,u) 



for < a < 3, where 



3 rA[W](<x,uO _ ( cos(r(d a W){(T,u)) sin (r(d a W)(a, u)) 
■ sin (r(d a W) (a, to)) cos (r{d a W) (a, to)) 



(2.41) 



There is no growth or decay factor in e^ elogt ^ A ^- w \ and we can show that 

Cie < \\u(t)\\ E < C 2 e (2.42) 

for small e > with some positive constants C\ and C 2 , unless (/(■; 0), <?(■; 0)) = 
(0,0). Thus the energy of this system stays bounded from above and below by 
positive constants for any initial profile not vanishing at e = (actually the energy 
is preserved for any initial profile if F° = 0). However the solution behaves quite 
differently from the free solution in the pointwise sense, as far as (d a W)(a, u) ^ 0. 
Furthermore we can also show that there exists some initial profile (/, g) £ X 3 such 
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that the global solution to (I2.40p is not asymptotically free in the energy sense for 
< e <C 1 (see Proposition 17.41 below for the proof). This example gives a positive 
answer to Question 11.31 

Remark 2.12. Observe that Condition 11.11 is not satisfied for ( I2.40p . while it is 
fulfilled for f l 1 . 2 3 [) and ( I2.36p . This is the reason why we have introduced Condi- 
tion EH 

2.5. Asymptotically free solutions and the null condition. Our aim here is 
to answer Question 11.41 in the introduction. 

Definition 2.13. We say that a global solution u = u(t,x) to fll.l[) is asymptot- 
ically free in the pointwise sense, if there exists some function U = U(a, u) such 
that rd a u(t, rcu) ~ u a d a U (r — t, uj) for < a < 3, namely 

3 

}imJ2\{rd a u(t,ru)-u Ja (d a U)(r-t,uj)}\ r=t+a \=0, (a, u) G R x S 2 . 

a=0 

In view of (I1.15p . by choosing the Friedlander radiation field as U, we see that 
the solution to the free wave equation Du = with C^°-data is asymptotically free 
in the pointwise sense. 

We say that (AFP) (resp. (AFE)) holds if for any (f,g) G Xn there exists a 
positive constant Si such that, for any e G (0,£i], the global solution u to the 
Cauchy problem f ll.ip -( )2~8l) is asymptotically free in the pointwise sense (resp. in 
the energy sense). 

Theorem 2.14. For the system (11 .ip with each Fj = Fj(u,du) being a homoge- 
neous polynomial of degree 2 in its arguments, the following two are equivalent: 

(1) The null condition is satisfied. 

(2) Condition \2.2\ is satisfied with D = X^, and (AFP) holds. 

We conjecture that (1) above is also equivalent to (2) with (AFP) being replaced 
by (AFE), but this conjecture is still open. 

Now let us consider the case of Condition ll.il Though we can rewrite the system 
to another system satisfying Condition 12.21 (see Proposition 12 .31) . we cannot apply 
Theorem 12.141 directly because of the restriction on initial data for the rewritten 
system. Thus we need to consider this case separately. Making use of the "rank 
one" structure ( 11. 19ft . we can get a better result than Theorem 12.141 

Theorem 2.15. For the system (II. ip with each Fj = Fj(du) being a homogeneous 
polynomial of degree 2 in du, the following three are equivalent to each other: 

(1) The null condition is satisfied. 

(2) Condition \l.l\ is satisfied, and (AFP) holds. 

(3) Condition W.W is satisfied, and (AFE) holds. 

Theorems 12.141 and 12.151 will be proved in Section |HJ 
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3.1. Vector fields associated with wave equations. First we recall some prop- 
erties of the vector fields contained in T (remember the notation in Section 12.11) . 
We have [S, D] = -2D, and [%,□] = [Lj , □] = [d a ,D] = for 1 < j < 3 and 
< a < 3, where [A, B] = AB — BA for operators A and B. Thus we get 

□(r» = (r + 2) Qo r^ • • •r° io (n^) (3.1) 

for any smooth function p and any multi-index a = (a , cui, ■ ■ ■ , a w ). Since [T a , T b ] 
with < a, b < 10 can be written in terms of T, it follows that 

l7l<|a| + l/3|-l 

for any multi-indices a and /3 with appropriate constants c™'^. Especially [T , £?&] 
for < a < 10 and < 6 < 3 can be written in terms of d. Therefore for any 
nonnegative integer s, there exists a positive constant C s such that 

3 

C^\dp(t,x)\ s < ^^|«9JXt,x)| <C s \d V (t,x)\ s (3.3) 

|ct| <s a=0 

for any sufficiently smooth function p = p(t,x), where | • | s is given by (12. 6jh 

The following Sobolev type inequality, known as the Klainerman inequality, is 
quite useful in deriving decay estimates for wave equations (see Klainerman [TTJ 
for the proof; see also [15] and [?]). 

Lemma 3.1. There exists a positive constant C such that we have 

sup ( t+ \x\)(t-\x\) 1/2 \p(t,x)\ <C\\p(t,-)\\ 2 (3.4) 

for any C 2 -function ip, provided that the right-hand side of (13.41) is finite. Here 
\\ • \\ s is given by (12.61) . 

We set r = \x\, u = r _1 x, and d r = Y^=i( x j /\ x \)®j- We also define L r = 
rd t + td r = X]j=i( x j/M)-^i> an d 9± = d t ± d r . Since we have S = td t + rd r , we 
obtain 

d+ = -±-(S + L r ). (3.5) 
t + r 

Note that fl£5J implies d + = (1 + 1 + r)~ l {S + L r + d t + d r ). Since d t = (<9_+<9 + )/2 
and d r = (— d- + d+)/2, we obtain from (I3.5P that 

(d t - l -d^p{t,x)\ + \(d r + ^p(t,x)\ < Cit + ry'lpfax)^ (3.6) 
for any smooth function p. Since 

V x = ud r — r~ x uj x Q = ud r — t~ l oj x (u x L), (3.7) 

we get 

\{d j -u j d r )ip{t,x)\ <C {t + ry^pit^x)^ j = 1,2,3. (3.8) 
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Now (I3.6P and (13.81) lead to the following estimate (I3.9P and its immediate conse- 
quence (13. lOD : 

Lemma 3.2. There exists a positive constant C such that we have 

3 

E| { 9 " - ^9-)^, x) \<C(t + r)' 1 \<p(t, x)\ u (3.9) 



a=0 
3 



Yjr(d a <p)(t,x)--%±d_.(r<p(t,x)) ^C^x)^ (3.10) 



a=0 



for any smooth function <p = (p(t,x), where u = (ui, u 2 , uj 3 ) = \x\ 1 x, and r = \x\. 

Recalling the definition of the null condition (II. 3p . we obtain from Lemma 13.21 
the following estimate for the null forms given by (II ,4p and (ll.5p (see Klainerman 
for the details of the proof). 



Lemma 3.3. Let Q be one of the null forms Qo and Q a b with < a < b < 3. 
Then, for any nonnegative integer s, there exists a positive constant C s such that 

\Q(u k ,ui)\ s <C s (t+ Ixiy 1 (\u\[ s/2 ] +1 \du\s + \du\[ s/2 ]\u\ s+1 ), 1 < k,l < N 

at (t, x) G (0, oo) x R 3 for any smooth function u = u(t, x) = (uj(t, x))f <:j<N , where 
[m] denotes the largest integer not exceeding the number m. 

Since tS — rL r = (t 2 — r 2 )d t and tL r — rS = (t 2 — r 2 )d r , we get 

(t-r){\d t ip{t,x)\ + \d r ip{t,x)\) <CV(M)|l (3.11) 
Equations (13.81) and (13. lip yield the following (see also Lindblad |20j). 

Lemma 3.4. There exists a positive constant C such that 

(t-r)\d<p(t,x)\<C\<p(t,x)\i 
holds for any smooth function (p = ip(t, x). 

For R > 0, we define 

B R := {x E M 3 ; \x\ < R}. (3.12) 
The following Hardy type inequality is due to Lindblad 



Lemma 3.5. Let R > be given. Then there exists a positive constant Cr, which 
depends on R, such that 

\m(t x)\ 2 \ 1/2 

holds for any smooth function ip = ip(t, x) satisfying 

supp ip(t, •) C B t+R , t>0. 
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Now we introduce 

Z = (Z u Z 2 , Z 3 ) := codt + V, = (tujdt + a i ) 1 < i < 3 , (3.13) 

where u = (ui,u 2 ,uj 3 ) = \x\~ 1 x G S 2 . For a nonnegative integer s and a smooth 
function (p = tp(t, x), we define 

3 

|^(t,x)| z ^ = X)X)l Z i ra ^*' a; )l- ( 3J4 ) 

J = l |a|<s 

Then we obtain the following inequality. 

Lemma 3.6. For a nonnegative integer s, there exists a positive constant C s such 
that 

\Tip{t,x)\ a < C,(r\<p(t,x)\ z , a +(t-r) \d<p(t,x)\ a ) 
for any smooth function <p = (p(t,x), where Tip = (r a ^) < a <io- 

Proof. It is easy to check that 

S = x-Z+(t- r)d t , L = rZ + (t- r)V x , tt = xx Z. 

Hence we get 

10 3 
a=0 \0\<s a=0 \p\<s 

which implies the desired result because of (13. 3p . □ 

By (J32D and (j3T5|) . we have 

Z = ud+ - r~ l u xtt = cu(t + ry\S + to ■ L) - r^cu x Q. 

By direct calculations, we have 

[d t , Zj\ = 0, [d k , Zj) = r~ l (5 jk - UjUJ k )d t 

for 1 < j, k < 3, where 5j k is the Kronecker delta. For a nonnegative integer s, 
there is a positive constant C s such that 



i=i 

3 

+ E (IC + r ) _lw i w fel^ + l r_1 (^'fe - Wj-w fe )| a ) <C s (t + r) _1 
i,fc=i 

when r > i/2 > 1. Thus we obtain the following estimate. 
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Lemma 3.7. For any positive integer s, there exists a positive constant C s such 
that 

3 

J2\ZM^ x )\s <C a (t + r)- 1 \<p(t,x)\ a+1 , (3.15) 
i=i 

3 3 

Yl \ 9 - Z M^ x )\s <C S (t + r)- 1 \dcp(t, x)\ s+1 , (3.16) 

a=0 j=l 

for any smooth function ip and any (t,x) with r > t/2 > 1. 

3.2. Basic estimates for wave equations. Here we give two basic estimates for 
the solution to the inhomogeneous wave equation 

Du(t,x) = F{t,x), (t, x) G (0, oo) x IR 3 (3.17) 

with initial data 

u(0,a;) = (p(x), (d t u)(0,x) = ip(x), x G M 3 . (3.18) 

We suppose that <p, if) and F are smooth functions. 

The following improved energy inequality is due to Alinhac [2j and Lindblad- 
Rodnianski [22] (see also Alinhac pQ and [3]). 

Lemma 3.8. Let u be the solution to (I3.17p - p.18p . Then, for \i > and p > 0, 

there exists a positive constant C = C(p) such that 

<*>-" WMt, + (ff . if^f' dxdr V2 
\Jo Jrs (r) (r - \x\) 



< C y\V x (p\\ L 2 + \\^\\ L 2 
for t > 0, where Z is given by (13.131) . 



f (T)-»\\F(T,.)\\ L2 dT 
JO 



Outline of the proof. We multiply Ou by (t) 2>1 e^^ ^(dtu), integrate it over K 
and perform the integration by parts as in the standard energy estimate, where 

(i+p) 



C P (S)= / (T)-™dT. 

Then we obtain the desired result, since there exists a positive constant C p such 
that 1 < e^ s) < C p for s£i □ 

Now we turn our attention to the decay estimate. We define 

(t + r) p if p < 0, 

W P (t,r) = { {\og(2+(t + r)(t-r)- 1 )y 1 if p = 0, 
(t - r) p if p > 0. 
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Lemma 3.9. Let u be the solution to fl3.17p - fl3.18p . Suppose that fi > and k > 1. 

Then there exists a positive constant C = C(fi, k) such that 

(t+ \x\) W M _i(t,|a;|)Kt,x)| 

c sup (yy({y)J2\( d »(y)\+\y\\^y)\ 



< 

\y-x\<t < 

+ C7sup sup \y\(r + \y\Y(r-\y\) K \F(r,y)\ (3.19) 

re[0,t] |j/-x|<t-r 

/or (t, x) G R+ x M 3 ; provided that the right-hand side of ( 13. 19ft zs finite. Here 
8 X = (61,82, ds), and we have used the standard notation of multi-indices. 

Outline of the proof. The case F = is essentially proved in Asakura [U Propo- 
sition 1.1] (see also Katayama-Yokoyama p3| Lemma 3.1]). Thus we assume 
(p — if) = 0. Then the case \l > 1 is treated in Kubota-Yokoyama [T8l Lemma 
3.2], and the other case can be treated similarly. Here we give the outline of the 
proof. 

The solution u with (p — if) = can be written as 

u (t,x) = ^ jT ^ ^ F (r, A9(A, 0;t-r, a;)) tJ0^ AdA^ dr, 

where we put r = |x|, and 6 is a certain S" 2 - valued function with 

|A0(A, 9; s, x) — x\ = s 
(see John [10]). Therefore (I3.19P with ip = if) = is obtained if we can show 

J^ K (t, r) :=- f ( T (1 + r + A)^(l + |r - A|)-^a) rfr 

r JO \V|r-(t-r)| / 

<C (t + r) _1 W M _i(t, r) _1 (3.20) 
with some positive constant C. We put p = r + A and q = X — t. Then we have 

J*«(f,r) =±-J*(i+ p )-i* Qf (l + |g|rW) dp 

V / + ( 3 - 21 ) 

i J r «/ |t— r-| 

where we have used the assumption k > 1. Now, if r > (1 + t)/2, then a direct 
calculation of the last integral in (I3.2ip leads to (13. 20 p . since we have r _1 < 3(1 + 
t + r) -1 for this case. If r < (l + t)/2, then we have (1 + |t-r|) _1 < (1 + t-r)~ 1 < 
3(1 + t + r) -1 , and we get 

1 rt+r 1 rt+r 

- (1 + pY^dp < (1 + It - rl) - "- / dp < C(l + t + r)-», 

r J\t-r\ r J\t-r\ 

which implies the desired result. □ 
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3.3. The Priedlander radiation field and the translation representation. 

It is known that if (cp,ip) G C£°(IR 3 ) x C^°(]R 3 ), then the radiation field T [(f,ip], 
given by (I1.13p . belongs to C£°(R x S 2 ). In fact, if supp</?U supp-0 C B R for some 
R>0, then (031 and (041) imply 

F Q [(p,il>](<T,u) = 0, \a\>R,ueS 2 . (3.22) 

We define the mapping T : C °°(M 3 ) x C^°(IR 3 ) C °°(M x S 2 ) by 

T[<p,ip](cr,u) := d ff T [<p,i/j\{a,u}), {a,cu) GlxS 2 

for ((f,ip) G C^°(IR 3 ) x C^°(R 3 ). T[f,ip} is called the translation representation of 
(<fi,ip), because we have 

T[U [(p,i)](t, ■), d t U [(p,ip](t, -)](a,u) = T[(p,ip](a -t,u), 

where U [ip,ip] is defined in Section I2TT1 (namely it is the solution to (ll.lOp - (ll.lip ). 
Let Hq be the completion of C^°(M 3 ) x C^°(R 3 ) with respect to the norm 



ll(^)lk:= [ \ I {\VMx)\ 2 + m*)\ 2 )dx 



1/2 



Then it is known that T is uniquely extended to an isometric isomorphism from 
H onto L 2 (R x S 2 ). We refer the readers to Lax-Phillips [191 Chapter IV] for 
the facts mentioned above. Note that {<p,ip) G H if and only if ip G i/ 1 (M 3 ) and 
i/j G L 2 (R 3 ). 

Lemma 3.10. Let {<p,ip) G Hq. Then we have 

/ 3 \V2 

fe ( 2 E H^*' - T *^' Olli»(M-) J = 0. 
u (*,a;) =&fo[p, V](*,aO, 

T°(t,x) = (war^rt^VKr-^w))! ,, , , /M , 0<a<3. 

Proof. Let e > 0. Then there exists G C£°(M 3 ) x C£°(IR 3 ) such that 

\\(<p,i>)-($M\Ho<e. (3.23) 

Let uo and T" be defined similarly to uq and T" by replacing (</?, -0) with (</>, ^) 
in their definitions. Suppose that supp<^> U supp^ C Br with R > 0. Then the 
Huygens principle implies Uo(t, x) = for |r — 1\ > R with r = \x\. We also have 
j; a (t, x) = for |r - 1| > i2 (see (13T22D ). Hence, for i > max{2 J R, 2}, IjTTSjl leads to 

||9a«0(*, 0-^,011^8) 

= / ( / \rd a u (t,ru) - a; a 9 o .J* [^, $\(r - t,u)\ 2 dr ) dS w 
<CR(l + t)~ 2 , (3.24) 



ASYMPTOTIC POINTWISE BEHAVIOR FOR WAVE EQUATIONS 21 

since we have t — R > t/2 > 1. Here and hereafter dS^ denotes the area element 
on S 2 . From the energy identity and (13.231) we get 

\\u {t,-) -u {t,-)\\ E = - &,4,)\\ Ho < e. (3.25) 

Since T is an isometry from H to L 2 (M x S 2 ), by (I3.23P we obtain 



^Ell^(t,-)-T;(t,-)||i 2(K a ) = / ( 

2 Jues* V 



o 



\T[ip - tp,ip - ip](r - t,u)\ 2 dr ) dS u 

|2 

\L 2 (RxS 2 ) 



<\\T[^-^-^]\\' s2) <e 2 . (3.26) 



From fl3T24|) . f l3T25|) . and fl3T26|) we get 

1/2 



limsup f 1 V||<9 aMo (V)-T;(t 



Since e > can be chosen arbitrarily, we obtain the desired result. □ 

4. Proof of Proposition 12.31 
In this section, we are going to prove Proposition 12.31 

Proof of (1). Let the assumptions in (1) be fulfilled. Then, as in (II. 6p . F® can be 
written in terms of the null forms. Hence it is clear by Lemma 13.31 that we have 

Ff(du) ~ 0, 1 < j < N, (4.1) 
which implies the desired result immediately. □ 

Proof of (2). Suppose that F depends only on du, i.e., F = F(du), and that Con- 
dition [1J] is satisfied. As before, we write F md = F red (u,Y) for the reduced 
nonlinearity. Let u = {uj)\<j<N be a (local) solution to (11.11) with the initial data 
fl2~SD . Set 

V = ( V j)l<j<5N = ( uT i do« T , <9iM T , d 2 U T , d 3 U T ) T , W = (w { )l<i<tf ( 42 ) 

with 

3 N 
a=0 k=l 

where the constants h^ ka are from (ll.lSp . We put u* = (u*)J <:j<N , = (v T ,w T ) T 
with N* = 5N + N . Given (/, g) £ X N , from (11.11) and (12. 8p we can determine the 
initial profile (e~ 1 u*(0,x),e~ 1 d t u*(0,x)) for e £ (0,1], and we denote this initial 
profile by (f*(x; e), g*(x; e)) = (f*[f,g](x;e),g*[f,g](x;e)). Since we can see that 
(f*,g*) converges to a x C^-function as e -» +0, we define (f*(x; 0), g*(x; 0)) = 
\im £ ^ +0 (f*(x;e),g*(x;e)). Then it is easy to show that (f*,g*) £ X N *. Note that 
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the first N components of /* (resp. g*) are nothing but / (resp. g) by definition. 
Now we define a subset D of X^* by 

D={(r[f,9\,9V,9\); (J,g)ex N }. 

Since Fj is a homogeneous polynomial of degree 2, we can write 

N 3 

Fj(du) =J2H qf' lc (d b u k )(d cUl ) (4.4) 

k,l=l b,c=0 

with some constants qf'' lc '. Recall that Vj = Uj and fj+( a +i)Ar = 9 a Uj for 1 < j < N 
and < a < 3. We put 

N 3 

fc,Z=l b,c=0 
JV 3 

^7+(a+l)Jv(^*) := 5^ ((^fe)(^+(a+l)7v) + (<9 6 U fe+(o+ i )JV ) (<9 C ^)) 

fc,/=l fe,c=0 

for 1 < j < N and < a < 3, so that we have 

F/(du*) = F^fti) and F* +(a+1)N (du*) = d a (F^du)). (4.5) 
Then we find that u* satisfies the extended system 

Uvj = F*(du*), 1<J<N, 
Dv 3+(a+1)N = F* +(a+l)N (du*), 1 < j < N, < a < 3, (4.6) 

= ELo £L h lM F* +{a+1)N (du*), 1 < / < N 
with initial data 

«*(0,z)=er[/ )ff ](a;;e) ) (d t u*)(0, x) = eg*[f, g](x; e), x G K 3 . (4.7) 

Conversely, let u* = (u*)J <:j<N * = [v T ,w T ) T be the classical solution to fj4.6jl - 
(1471) . If we put 

« = ( M i)^<i<V : = ( U *j)l<j<N (= ( u i)i<i<jv) , ( 4 - 8 ) 
then u is apparently the solution to the original problem f ll.ll) -( [2~8l) . Moreover, 
from the uniqueness of the solution we find that H4.2[) , (14. 3[) , and (14.51) are valid for 
all t > 0. To sum up, we have proved that solving (Il.ip - fl2.8l) with (f,g) G Xn is 
equivalent to solving fO]) - f|4"7jl with (f*,g*) G D(c X N *). 

Now we are going to prove that Condition 12.21 is satisfied for (I4.6p . if it is viewed 
as a system of u* . It is trivial to check the condition (12. lip , and we concentrate on 
the condition (J2H3J. Let u* = (v T ,w T ) T be the solution to ff4T6>(j477j) . and let u 
be given by (14. 8p . As before, we write r = \x\, and oj = = (uji,uj2, cos) G S 2 . 

We always assume r > t/2 > lin this subsection from now on. Hence we have 

r _1 < 4(1 + t + r) _1 . 
Note that $ ~ \1/ in this proof means (12.91) with u being replaced by u* . 
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For N x 4-matrix valued functions <p = ((pj a ) an d ip = (ipj,a) with 1 < j < N 
and < a < 3, we define 

N 3 



k,l=l b,c=0 



with the coefficients qf' lc from (14.41) . so that we have 



F*(du*) = Fj(du) = F](du } du), 1 < j < N 

by regarding du = (d a Uj)i<j<N,o< a <3 as an iV x 4-matrix valued function. We put 
Z = 0(= u d t + d ). Then from (13131) we get 

d a = Z a - u a dt, < a < 3. (4.9) 

We write Z*u = (Z a «i)i<i<iv,Q<a<3, and u*d t u = {u a d t Uj)i<j< Ni o< a <z. Regarding 
them as iV x 4 matrix-valued functions, we obtain 

Fjidu) = F] ed (oo, d t u) - F](Z*u, oj*d t u) - F](ou*d t u, Z*u) + F](Z*u, Z*u), (4.10) 

where we have used Fj(—cj*d t u,—ijj*dtu) = Fj ed (co,d t u). Let s be a nonnegative 
integer. Since we have sup| 2 .| >t / 2 >i Ms < oo, it follows from (" 13 . 15[) in Lemma [3T71 
that 

\F}(Z*u,u*9tu)\. <C(\du\ [s/2] \Z*u\ s + \Z*u\ [s /2]\du\ s ) 

<C (t + r)' 1 {\du\ [s/2 ]\u\ s+1 + \u\ [s/ 2\+i\du\ s ) , (4.11) 

which implies 

F](Z*u, u*d t u) ~ 0, 1 < j < N. 
In a similar manner we can show that 

Fj{u*d t u, Z*u) £ Z*u) ~ 0, 

and we get 

F;(<9m*) = Fj(du) ~ F/ ct V, I <j < N. (4.12) 



Similarly to (14. lip , using (13 . 161) in Lemma I3T71 as well as (13. 15ft . and recalling (14. 2ft . 
we find from (I4.10p that 

\d a (F J (du))-d a (F™ d (ou,d t u))\ s 

<C(t + r)' 1 (|9u*|[ a/2 ]|u*| a+ i + \u*\[ s /2]+i\du*\ s ) . 
In other words, we obtain 

d a (F j (du)) ~ d a (F* cd (u,d t u)), 1 < j < N, < a < 3. (4.13) 
From ffTTTSD and (O]) . we get 

3 

^(w, <9*u) + tw, = Yl h iMZ a u k , 1<1<N . (4.14) 



a=0 k=l 
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Now we define Gj(u, u*, du*) for 1 < j < 5N by 

JVo JV /N s 

Gj := - gji,k(u)wi(d t vk) ( = -y^c^^o^) (4.15) 
/=i fe=i ^ 1=1 ' 

for 1 < j < N, and 

N N 

Gj+( a +i)N ■= 9ji,k(u) {{9 a wi)(d t v k ) +wi (d t v k+ ( a+1 ) N )} (4.16) 

1=1 k=l 

for 1 < j < N and < a < 3, where gji t k(w) and gji{oo, Y) are from (j!.17p . Then, 
by f OOD in Condition O and ( Q3|) we obtain 

3 «o JV 

FfV, fyt) - G>, It*, = (4-17) 

a=0 i=l fc=l 

for 1 < j < N. Going a similar way to ( 14. lip , and using f)4.12p . we obtain 

F*{du*) £ F; cd (w, d t «) ~ Gj{u, u*, du*), l<j<N. (4.18) 

Since we have 

sup r \d a (gji,k(u))\ < C, 

\x\>t/2>l 

and 

No N 

G j+{a+1)N (uj,u*,du*) = d a (Gj(uj,u*,du*)) + EE (^fe.fc^))) w i( d tu k ) 

1=1 k=l 

for I < j < N and < a < 3 (cf. it follows from Lemma O and f HT?]) that 

d^FfV^u)) £ G J+(a+1)N (u,u* ,du*), 1 < j < N, < a < 3. 
Combining this with (I4.13p . and remembering (14. 5p . we obtain 

F* H a+i)N(du*) = d a {F J {du)) £ G j+{a+1)N (u,u*,du*) (4.19) 

for 1 < j < N and < a < 3. 
Now what is left to prove is 

3 N 

E E W^i)*^*) £ 0, 1 < J < N . (4.20) 

a=0 fc=l 

We define q*(u)) = J2l, c =o (?f + 9? ^ for 1 < A; < / < iV, and qf k {u) = 
J2b c=o Qj b ' kCuj bUc for 1 < k < N so that we can write 

F] ed (co,Y) = ffMYhYi. 

l<k<l<N 
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Let /3 = (w))^ . <JV and M = M(u, Y) be from the condition fTCTj) . Since M is 
quadratic in Y, we can write it as 

m(u,y)= E m *M Y * Y i 

l<k<l<N 

with some coefficients m k i(u). Then from f II . 1 9 j) we find 

g*V) = &(w)m w M, l<j<N, 1 < k < I < N. (4.21) 
Observing that we have |9 (^(o;))| < Cr -1 , and that Lemma [37T1 yields 

\Z a d t u k \ s = \Z a v k+N \ s <C(t + r)' 1 \u*\ s+1 , 
we obtain from and f)4.2ip that 

l< k <l<N 

+ E % kl (u)((d a d t u k )(d tUl ) + (d t u k )(d a d tUl )) 

l<k<l<N 

Z-uj a J2 ? l (w)((^)(9 t « i ) + M(3 t 2 « i )) 

l<k<l<N 

= - u a Pj(u)M(u, d t u, d 2 u), (4.22) 

where we have set 

M(u, d t u, d 2 t u) = m ^ {(d?u k )(d tUl ) + {d t u k ){d 2 t u{)) . 

l<k<l<N 

Hence from <KE\i . f l4TT3j) . and ( Q2]l . we get 

3 V 3 V 

E E ^^W)^*) £ E E Kkada(Fl« d (w, dtU)) 
a=0 k=l a=0 k=l 

3 N 

~ - E E ^/,fcaW a /3fc(w)M(w, <9 t U, <9 t 2 «) 
a=0 fc=l 

= - /i, (w, /3(w)) M(w, <9 2 u) = 0, 1 < Z < iV , 
where the last identity comes from f ll.2ip . This completes the proof. □ 

5. Proof of Theorem 12.51 

Suppose that the assumptions in Theorem 12.51 are fulfilled. Let (/, g) £ D(c 
X N ), and let u = (v T ,w T ) T be a (local) solution to ffTTTD- fl2T8|) in [0,T ) x ]R 3 with 
some T > 0. Since u depends on the parameter e from (12. 8p . we sometimes write 
u = u(t,x;e) if we want to indicate the dependence of u on e explicitly, but we 
sometimes omit e and only write u = u(t,x) for simplicity of expression. Similar 
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notation will be used for functions depending on the parameter e in what follows. 
Since (/, g) G Xjy, there is a positive constant R such that 

supp /(•;£) U suppg(-;e) C B R , £6(0,1], (5.1) 

where Br is defined by (13.121) . By the finite propagation property, ( 15.1 ft implies 

suppu(t,-;e) C B t+R , t G [0,T ). (5.2) 

We set 

w°(i,x;£) :=U [f j (-;e),g j (-;e)](t,x), Uj(t,x;e) := «j(t,x; e) - eu]{t, x; e) 

for 1 < j < N. In other words, w°(t,x; e) is the solution to the free wave equation 
□tj° = with the initial condition 

u%0, x- e) = fjix; e), (<9 t «°)(0, x; e) = 9j {x; e), 1 < j < N. 

We put u° = («i)i<,-<.zv an d u — (uj)J <j<N . We also define 



7/° 77° 7/° 
i ttifi, U WJ i 1 ..... 



((tj°) t , (w°) t ) =(tj°, ...,v%,w°,..., w° n „) := (u°, u N ,, u N , +1 , a N) , 
(v 1 , w T ) =(vx, . . .,v N >,w h . . . ,w N ") := (ui, . . .,u N >,u N '+i, ■ ■ - ,u N ). 

Recall the definition of | • | s , || ■ || s , and | ■ \ z>a given in (I2.6P and (I3.14p . Let m, A, 
and p be the fixed constants from the assumptions of Theorem [531 For < T < T , 
we define 

e £ [u\(T) := sup (t + \x\)~ x+1 \v(t, x; e)\ m+1 

{t,x)e[0,T)xM. 3 

+ sup (t + \x\) (t - \x\) p \w(t,x;e)\ m+2 

(t,x)e[0,T)xM. 3 

+ sup ((l + t)- x \\dv(t r ;e)\\ 2m +\\dw(t r ;e)\\ 2m ) 

*6[0,T) 

'' '' l u(t,x;e)\ 2 Z2m x 1 " 



+ / / itfh; T^ dxdt ■ (5 - 3) 

For a smooth function ip = ip(x) and a nonnegative integer s, we define 

1/2 

\<p(x)\. t . := ^ (z)™ \8£<p{x)\, |MU*:= I ^||(-) H 5>lli 

|a[<a V|a|<s 

and we put 

M := sup (||/(s e)|| 2 m+i,* + \\g{-; e) hm,*) 

££[0,1] 

+ sup (x) 3 (|/(x;e)| 2m -i,* + \g(x,e)\ 2m -2,*) • 

ee[0,l],iGR 3 
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Lemmas 13.81 and 13.91 yield 

sup (t+ \x\) (t- \x\) \u°(t,x;e)\ 2m _ 2 

(t,x)eR+xR 3 

(,2 \ 1 / 2 

r°° r \u°(t, x:s)\„ \ 

/ / n i ■ ? dxdt] <C (5.4) 

Jo Jr 3 (t-\x\) I 

for e G (0, 1], where Co is a positive constant depending only on M . 
We are going to prove the following: 

Proposition 5.1. In the situation above, there exists a positive constant A = 
Ao(Mq, R), which is independent of To, such that 

e £ [u\{T) < As 2 (5.5) 

implies 

e e W\{T)<^e\ (5.6) 
provided that A > A , < e < min{l, l/A}, and < T < T . 

Once we have the proposition above, we can easily obtain Theorem 12.51 in the 
following way. 

Proof of Theorem \2.5l If A(> Aq) is sufficiently large, then ( 15. 5 p is true for some 
small T > 0. Let T* be the supremum of all T e (0,T ) such that (15. 5p is valid. 
Note that we have T* > 0. Let e G (0,£o] with e : = min{l, l/A}. Suppose that 
we have T* < T ; then, since we have e e [u](T*) < Ae 2 , Proposition 15.11 implies 
that e e [S](T*) < Ae 2 /2, and from the continuity of e e in T, we see that (15. 5p is 
valid for some T > T*; this contradicts the definition of T*. Thus we conclude 
that = To. In other words, we find that (15.51) is valid as long as the local 
solution exists, provided that e G (0, e ]. Now, with the help of (15. 4p . we see 
that ^| Q | <2 \\d a u(t, ^Wl 00 ^ 3 ) does not tend to infinity in finite time, and the local 
existence theorem implies the global existence of the solution for e G (0, Eq] (see 
Hormander [3 Theorem 6.4.11] for instance). Since (15. 5ft holds for any T > 0, we 
immediately get ( I2.17P and (I2.18p . and we also obtain (I2.15P and (I2.16P with the 
help of (15. 4p . This completes the proof. □ 

The rest of this section is devoted to the proof of Proposition 15.11 

Proof of Proposition \5.1\ We always assume < e < min{l, l/A} in what follows, 
so that we have < Ae < 1. The letter C in this proof indicates various positive 
constants which may depend on Mo and R, but are independent of A, e, T, and 
T . The proof will be divided into several steps. 

Step 1: Basic estimates. Assume that (15.51) is valid. Then (15.41) implies 

e £ [u] (T) < C e + Ae 2 < Ce, (5.7) 
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where e £ [u](T) is defined by replacing u = (y T ,w T ) T in (I5.3P with u = (v T ,w T ) T . 
As before, we write r = \x\ and u = |x| _1 a;. Taking (13. 2\\ and (13.31) into account, 
we obtain from (15. 7p and Lemma 13.41 that 

\dv(t, x)\ m <Ce(t + r) A_1 (t - r)~ l , (5.8) 
\dw(t,x)\ m+1 <Ce{t + ry l {t-r)- l - p (5.9) 

for (t,x) G [0,T) x IR 3 . Thus we have 

\du(t,x)\ m < Ceit + r}^ 1 {t-ry 1 . (5.10) 

Let s be a nonnegative integer with s < 2m. From (12.111) . we have 

\Fj(u,du)\ s <C (\du\ [s/2 ]\du\ s + \w\ [s/2 ]\dv\ s + \dv\[ a /q\w\ a ) , 1 < j < N', (5.11) 
\Fj(u,du)\ a <C\du\ [am \du\ a , N'+l<j<N. (5.12) 

We set 

A : = {(t,x) eR + xR 3 ; r> t/2 > 1} , 

and A c := (R + x R 3 ) \ A. If (t, x) G A c , then we have either r < t/2 or t < 2, and 
we obtain 

(t-ry 1 < C(t + r)~\ (t,x)eA c . 
Hence, using (15.71) and (I5.10p . we see from (15.111) and (I5.12p that 

N' , I I \ 

£ \Fjiu, du)\ s <Cs \jt + r}- 1 -? \du\ s + (t + r}"- 1 -^-j , (5.13) 



AT 



\Fj(u,du)\ s <Ce (t + r} x ' 2 \du\ s (5.14) 

j=N'+l 

at (t, x) G A c , where we have used 1 + p < 2 — X. 

For any nonnegative integer s and any smooth function ip = ip(uj) on S 2 , we have 

sup |r Q (<£>(r _1 x)) | < oo. 

(^)6A| Q| < S 

Hence, from (I2.12p we get 

\Gj(u,u,du)\ B < C {{\w\ [s/ 2\ + \dw\ [s/2 ]) \dv\ s + \dv\ [s/2] (\w\ s + \dw\ s )) (5.15) 
in A for 1 < j < N'. It follows from (|g77jl . (Oj) . f l53|) . and fl5TT5|) that 

£ < Cs (t + r)- 1 (<t - r)-" |«%| s + (t + r) A (J^!i_ + |Su,|.) ) (5.16) 

at (t, x) G A. Recalling ( 12 .91) in Definition 12.11 and observing that 
\du\ [s / 2 }\u\ s+1 < C (\du\[ s / 2 ]\Tu\ s + \du\ s \u\ [s/ 2]+ij , 
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we obtain from (12. 13[) that 

TV 

£ \Fj - Gjl. <Ce(t + r) x - 2 (\du\ a + (t - r)' 1 \Tu\ s ) (5.17) 
i=i 

at (t, x) G A, where we have set Gj = for N' + 1 < j < N. 
From iQBjl . fOHjl and fOTjl . we obtain 

N ' ( /II 

E <Ce l^(t + r)^ 1 (t - r)- p \du\ s + (t + r)^ 1 i^jz^ + \dw\ 

+ Ce(t + r) x - 2 (t-ry^Tuls (5.18) 
in [0,T) x M 3 . By floTllj) and (jBTTTI) . we also obtain 

N 

\Fj\s<Ce(t + r) x - 2 {\du\ s + (t-r)- x \Tu\ a ) (5.19) 

j=N'+l 

in [0,T) x M 3 . 

Step 2: The energy estimates. We put 



I e (T) = I (t)'- 1 / 1 K ^ ,C)lZ 2 2m dx ) dt. 



n \Ait\j I 

(t-r) 2 ; 

Writing (t)^ 1 = (i)** -1 (ty ZA , and using the Schwarz inequality, we obtain from 
fl5T7D that 



h{T) < ( r \tf x - 2 dt) 1/2 ( [ T [ ^^dxdt) ' <Ce, (5.20) 



,f>A-2 i_ L \ III l' U (^' X )\z,2m 

o / \Jo Jm 3 (t) 4A (t - r) 

where we have used 6 A — 2 < —1. Because of (I5.2p . we can use Lemma 13.51 to 
obtain 

(7 l -^^dx) 12 <C\\dw(t,.)\\ s . (5.21) 

Lemma 13.61 implies 

< C7 (t + r)^ 1 ((* - r)" 1 |u| z , a + (t + r)" 1 |9u|J . (5.22) 

Let /i > 0. In view of (|5.18p . (|5.2ip . and f !5.22j) with s = 2m, we obtain from 
(EZD and (15^01) that 

£ / (r)^|l^(r)|| 2m dr<Ce / (r)" 1 ^ (||0u(r) || 2m + (r) A \\dw{r) \\ 2m ) dr 
j=1 Jo Jo ' 

+ CehiT) 

<Ce 2 [ (r)*- 1 -" rfr + Ce 2 , < t < T. (5.23) 
Jo 
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Similarly, using (I5.19P with s = 2m instead of (I5.18p . we obtain 
V f \\F 3 {T)\\ 2m dT <Ce ( f (t) x - 2 \\du(r)\\ 2m dT + I £ (T)) 



j=N'+l 



<Ce 2 / (r) 2A ~ 2 dr + Ce 2 <Ce 2 , 0<t< T. (5.24) 
Jo 

From (11 .11) . we have 

Duj = F 3 (u, du), l<j< N, (5.25) 
and u(0,x) = (d t u)(0,x) = 0. From ( 13.1 ft and (15.251) we get 

□ (r^) = (r + ^r? 1 • • • r$° (f 3 (u, du)) , i<j<N (5.26) 

for any multi-index a = (ao, cti, • • • , ctio)- We also get 

\\(r a u)(o)\\ LHm + ||(a t r^(o)|U 2(R3) < c a e 2 

with some positive constant C a . Applying Lemma [3781 with /i — 2 A to (I5.26P for 
\a\ < 2m, and using (15.231) and (I5.24p . we get 

, I 2 ^1 <Ce 2 + c[ (r)- 2X \\F(u,du)(T,.)\\ 2m dr 

3 (t) (t - r) 



<C £ 2 ^1 + (r)- A_1 dr^) < Ce 2 . (5.27) 



Applying Lemma [3781 with // = to ( 15.26j) for 1 < j < N' and \a\ < 2m, and using 
(15. 23 p . we obtain 

N' N' t 

J]||^(t,-)||2 m <C£ 2 + C^ / \\F 3 (u,du)(r,-)\\ 2m dr <Ce 2 (t) x 

3=1 3 = 1 J ° 

for < t < T, which implies 

sup (l + t)- x \\dv(t,-)\\ 2m <Ce 2 . (5.28) 

0<i<T 

Similarly, applying Lemma 13.81 to (15.261) for N' + 1 < j < N, and using (I5.24p 
instead of (I5.23p . we obtain 

sup \\dw(t,-)\\ 2m <Ce 2 . (5.29) 

0<t<T 

Step 3: Decay estimates for generalized derivatives of higher order. Now we turn 
our attention to the decay estimates. By ( 15 .7\\ and Lemma 13.11 we have 

\du(t,x)\ 2m - 2 < Ceit + r)^ 1 (t-r)- 1/2 , (t, x) E [0, T) x M 3 . (5.30) 

It follows from doTTOj) . (I5T301) . and f[5Tl2|) with s = 2m - 2 that 

\F 3 (u, du)\ 2m ^ 2 < Ce 2 (t + r) 2X ~ 2 (t - r)" 3/2 , N' + 1 < j < N. 
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Hence, applying Lemma 13.91 (with p, — 1 — 2A) to ( I5.26P for N' + 1 < j < N and 
\a\ < 2m — 2, and using ( 15.4ft . we obtain 

(t + r) 1_2A |w(t,x)| 2m _ 2 < Ce, (M)6[0,T)xl 3 (5.31) 

Therefore Lemma [3.41 yields 

(t + r) x ~ 2A (t - r) | 2m „ 3 <Ce, (t, x) 6 [0, T) x M 3 . (5.32) 

Using (j577jh (IBTTUj) . (I5T3"UD . and (ET3B to evaluate the right-hand side of (I5TTB with 

s = 2m — 2, we get 

\Fj(u, du)\ 2m _ 2 <Ce 2 (<t + r) 2X - 2 (t - r y p - {1/2) +(t + r) 3X - 2 (t - r)" 1 ) 

<Ce 2 (t + r) 4X - 2 (t- r y 1 -\ 1 < j < N'. 

Similarly to the derivation of (I5.3ip and (15.321) . Lemmas 13.91 and 13.41 lead to 

(t + r) 1 ~ iX (\v(t,x)\ 2m _ 2 + (t-r) \dv(t,x)\ 2m _ 3 ) < Ce (5.33) 

for (t,x) e [0,T) x M 3 . 

Step 4'- Decay estimates for generalized derivatives of lower order. By (15.311) and 
(I5.33P we get 

\Tu(t,x)\ 2m _z < C\u(t,x)\ 2m _ 2 < Ce (t + r) 4 ^ 1 . (5.34) 

Using (I5.32p . (I5.33p . and (I5.34p to estimate the right-hand side of (15.191) with 
s = 2m — 3, we obtain 

N 

£ [F^u, du)\ 2m ^ <Ce 2 (t + r) 5A - 3 (t - r)' 1 < Ce 2 (t + rf x - 3 (t - r)' 1 ^ . 

j=N'+l 

Hence applying Lemma 13.91 with p — 1 + p, and then using Lemma 13.41 we get 

(t + r)(t- r) p (\w(t, x)| 2m _ 3 + (t-r) \dw(t, x)| 2m _ 4 ) < Ce 2 (5.35) 

for (t,x) e [0,T) x IR 3 , because 1/2 < p < 1 - 6A. Now Q leads to 

(t + r)(t- r) p (\w(t, x) | 2m _ 3 + (t-r) \dw(t, x) | 2m _ 4 ) < Ce. (5.36) 

Using (I5.30p . (I5.36p . and (I5.34p to estimate each term on the right-hand side of 
(I5.18P with s = 2m — 4, we obtain 

N' 

\Fjin, du)\ 2m _ 4 <Ce 2 ((t + r) x ' 2 (t - r)^ (1/2) + (t + r) x ' 2 (t - r)^" 1 ) 

+ Ce 2 (t + r) 5X - 3 (t-r)- 1 

<Cs 2 (t + r) X - 2 (t-r>^- (1/2 \ 

where we have used (t + r) oA ~ 3 (t — r) _1 < (t + r) x ~ 2 (t — r) 4A ~ 2 and p + (1/2) < 
2 — 4A. Since p + (1/2) > 1, Lemma [3.91 with p = 1 — A implies 

(t + r> 1_A |v(t,x)| 2m _ 4 < Ce 2 , (t, x) G [0, T) x R 3 . (5.37) 
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Step 5: Conclusion. Since we have m < 2m — 5, it follows from (I5.27p . (I5.28p . 
(15T29D . ( 15351) . and (15371) that 

e e [5](T) <de 2 (5.38) 

with an appropriate positive constant C\ = Ci(Mq, R), which is independent of A, 
e, T, and T . Finally, if we choose A = 2Ci, (15.381) immediately implies (15. 6 j) for 
A > v4o- This completes the proof. □ 

6. Proof of Theorem 12.61 
We start this section with a fundamental observation. We set 
A : = {(t, r) G [0, oo) x [0, oo); r > t/2 > 1} , 
and we put to(a) = max{2, —2a} for a G R so that 

\J{(t,t + a);t>t (a)} = A . 

We take a smooth and non-increasing function t\ = ti(o~) such that ti(a) = —2a 
for a < -2, tx{a) = 2 for a > 0, and t {a) < t x (a) < 2 - a for -2 < a < 0. We 
define ri(a) := t\(a) + a. Note that we have 

1 + M < l + tx{p) +n (a) = l + 2t 1 (cr) +a < 5(1 + \a\), aeR. (6.1) 

Lemma 6.1. Suppose that \l > 1 and k > 0. 

Let <£> = r, w) 6e a C 1 -function of (t, r) G Ao and oj G S 2 , satisfying 

d+<p( l t,r,u)) = h(t,r,w), (t, r) G A , u G S" 2 , (6.2) 
where d + = dt + d r . Assume that there is a positive constant Co such that 

\h(t,r,u)\<C (l + t + r)-^l + \t-r\)- K , (t, r) G A , co G S 2 . (6.3) 
Then, putting 

POO 

$(<t,w) = (p(ti(a),n(a),oj) + / h(r,r + a,u)dr, (a, u) G R x S 2 , (6.4) 
we /mve 

|<^, * + a, w) - $ (a, W )| < gT^ijC 1 + 2t + ^"^(l + M)"" ( 6 - 5 ) 
for t > t (a) and (cr, u) G R x S 2 . 

Proof. Observe that $ is well-defined because of the assumption (16. 3ft . 
It is easy to see that 

<f(t,t + a,u)) — <p(ti(a),ri(a),u)) + / h(r,r + a,u)dr 
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for t > t {a) and (a,u) Glx S 2 . Hence (JO} and ([63]) yield 

POO 

\(f(t,t + a,u) - <&(a,u)\ < / \h(r, r + a, oj)\dr 



<C (1 + W\)~ K J (l + 2r + a)-^dr 

for t > t (a) and (cr, w) G R x S* 2 ; thus the direct calculation leads to (16. 5p . This 
completes the proof. □ 

From (16.41) . it is easy to see the following: 

Lemma 6.2. Let if, h, and $ be as in Lemma [67TT Assume in addition that h is 
a C l -function of (t,r) G A and u 6 5 2 . If there exist two constants ji' > 1 and 
C > such that 

\d p r n a h(t,r,uj)\<C(l + t + r)-»\ (t, r) G A , u G S* 2 , (6.6) 

p+|a|=l 

i/ien we /iai>e $ G C 1 (R x S* 2 ), where Q is regarded as a differential operator on S 2 . 

Let us start the proof of Theorem 12.61 Suppose that the assumptions in Theorem 
12.61 are satisfied, and let u = (v T ,w T ) T be the global solution to (Il.l|) - (j2.8[) with 
(/, g) G D. We define u°, v°, w°, u, v, and w as in the previous section. Recall 
that, by Theorem 12.51 and Lemma [3.41 we have 

\v(t,x)\ 2 + £- l \v{t,x)\ 2 + (1 + |) (|du(t,aO|i + e _1 |0i;(t,a:)|i) 

<Ce(l + t+\x\) x -\ (6.7) 

\w(t,x)\ 3 + £- 1 \w(t,x)\ 3 + (1 + \t- \x\ |) (\dw(t,x)\ 2 + e- 1 \dw(t,x)\ 2 ) 

< Ce{\ + t + Ixl)- 1 (1 + \t - \x\ \)' p (6.8) 

for any (t, a;) G [0,oo)xR 3 and e G (0, e ], where A(g (0, 1/20)), p(e (1/2, 1-6A]), 
and 6q(> 0) are from Theorem 12.51 and C is a positive constant. Remember also 
that we have (15.11) and (15. 2p for some R > 0. 
Let < e < e Q . We define Uf g C£°(R x S 2 ) by 

U°{a,u) = Tbt/iOse), </,-(•; e)](^w), (a,w) gRx S 2 

for 1 <j < N, where J-"o is given by (OS]) . Recall that (JgHj) implies rcu) = 
for |r — t\ > -R, and 

E^(<7,w) = 0, \a\>R (6.9) 

(cf. (13.221) ). Therefore (11.15p implies that for any k > 0, there exists a positive 
constant C K such that 

3 

\ru%ru) - Uf(r -t,u>)\ + £ Hd a vf})(t, ru) - uj a (d a U°)(r -t,u)\ 

a=0 

<C K (l + t + r)- 1 (l + \t-r\)- K , l<j<N (6.10) 
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for (t,r) G A and u G S 2 . Indeed we have — r|)~ K > (1 + R)~ K in the support 
of the functions on the left-hand side of (16.10j) . We put V® = U® for 1 < j < N', 
and = U° N , +k for 1 < k < N". 
For any smooth function if), we have 

rDip{t,x) = d + d^(rip(t,x)) -r-\A u ip){t,x), (t, x) G [0, oo) x M 3 , (6.11) 

where r = \x\, and A w = J2k=i ^l- Hence by (I5.25P we have 

d+d-(ru j (t,ru)) = H j (t,r,u), 1 < j < N, (6.12) 

where Hj is given by 

Hj(t,r,u) = rFj(u(t,ru),du(t,ruj)) + r~ 1 (A w iji J -)(£, rw). (6.13) 

We always suppose (i, r) G Ao (namely r > £/2 > 1), and u G S 2 from now on. 
Then we have r _1 < 4(1 + t + r) _1 . In what follows, C denotes various positive 
constants which are independent of (t,r) G A , uj G S 2 , and s G (0, e ]. 

Equations ( 16. 7ft and (16. 8 p yield 

Ir-^A^O^rw)! <C£ 2 (l + t + r) A - 2 , 1 < j < JV', (6.14) 
\r- 1 (A w w k )(t,ruj)\ 1 <Ce 2 (l + t + r)- 2 (l + \t-r\)- p , \<k<N". (6.15) 

Because of (12. 9p and (I2.13P we obtain 

\rFj(u, du) — rGj(co,u,du)\i <C\u\2\du\i 

<Ce 2 (l + t + r) 2A " 2 (l + \t- r])- 1 (6.16) 

at (t, x) = (t, rui) for 1 < j < N, where Gj for 1 < j < N' is from Condition 12.21 
and we have set Gj(u, u, du) = for N' + 1 < j < N as before. 

We first construct the standard asymptotic profile W for w, and then the modi- 
fied asymptotic profile V for v. 

Step 1: Construction ofW. From ( I6.15P and ( I6.16p . we get 

\H N/+k (t,r,co)\ 1 <Ce 2 (l + t + r) 2X - 2 (l + \t-r\)- p , 1 < k < N" . (6.17) 
We put 

w k _(t,r,u) := <9_ (rw k (t,ru)) (= <9_ (ru N > +k (t, ru))), 1 < k < N". 
Equation ( 16. 8p leads to 

\w k ,-(t,r,u)\ < Ce 2 (l + \t-r\Y l - p , 1 < k < N" . (6.18) 
Because of (16. 1 2f) and (I6.17p . Lemma [67T1 implies 

\w k -(t,t + a,uj)-£W k -{o-,uj) \ < Ce 2 (l + 2t + a) 2X -\l + \o-\)~ p (6.19) 
for 1 < k < N", t > t (a), and (a,u) 6lx S 2 , where W k - is defined by 

POO 

eW k -{o-,oj) = w k _ (ti(o-),ri(cr),a;) + / H N > +k (r, r + a, uj)dr. (6.20) 
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Note that we have W k - G C\R x S 2 ), because of Lemma El and fETTj) . By ( 16U8|) 
and (I6.19P we get 

|WV(<7,w)| < Ce((l + M)- 1 ^ + (1 + 2* + a) 2X -\l + H)-"). 

Therefore, taking the limit as t — > oo, we obtain 

\W k -(a,u)\ < Ce(l + |cr|)" 1_p 3 1 < k < N", (a,u) elx S 2 . (6.21) 

Furthermore, since (15 .2p yields w k -(t,t + cr, oj) = HN' +k (t,t + a, co) = when 
a > R, < K20\f implies 

W k _((T, w) = for 1 < fc < N", o > R, and to G S 2 . (6.22) 

For 1 < k < N", we define 

~ 1 f°° ~ 

W k {a,u) = -J W k> 4r,co)dT, (^)gRxS 2 , (6.23) 

so that we have 

- 2d a W k {a, to) = W k -{cr, w), ((J, w) G R x S 2 . (6.24) 
By (I6T22D and (I6T23D we get 

W? fc (a,u;) =0, a>R,coeS 2 . (6.25) 
Using (l3lUj) and (EH]), we obtain from ( 16U91) and (Oil) that 

3 

^|r(<9 a w fe )(t,ru;) - £u; a (<9 CT Wfe)(r - t,u;)| 

a=0 

< Ce 2 {l + t + r) 2X -\l + |t-r|)" p , 1 < k < N" . (6.26) 

We set 

wl(t,r,u) = rw k (t,ru), 1 < k < N", 

so that we have d-W k (t, r, lo) = w k -(t, r, uj). Now we are going to prove 

\w* k (t,t + a,u) - eW k (a,u)\ < Ce 2 (l + 2t + a) 2 ^ 1 ^ + | cr | ) 1 ^ (6.27) 

for t > t (a) and (a,u) Glx S 2 . If a > R, then fE27j) is trivial because of (15T2|) 
and (16.251) . To treat the case where a < R, we put 

£>! ={(t,<r); t > max{t {cr),2 + (R-(j)/2}, a < R}, 
D 2 ={{t,a); t (a) <t<2 + (R-a)/2, a < R}, 

so that we have {(t, a); t > t (a), a < R} = D\ UD 2 . If (t, a) G D x , then observing 
that we have 

w* k (t-(R-a)/2,t + (R + a)/2,u) =W k {R,u) =0, 1 < k < N" 
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(cf. (15 .2p and (I6.25P ). and remembering ( I6.24p . we get 

wl(t, t + a, oj) — eW k (cr, oj) 

= [ d T \w* k (r,2t + a -t,u) - eW k {2t + a - 2t,oj)\ dr 

= f \w k ^{T,2t + cr-T,u)-eW k -(2t + a-2T,u)\dT. 

Jt-(R-cr)/2 L J 

Since we have (r, 2t + <r — r) G A for t — (R — o)/2 < r < t when (t, a) G D Xl we 
obtain from ( 16 . 191) that 

\w* k (t,t + a,oj) - eW k (a,oj)\ 

< Ce 2 (l + 2t + a) 2 *- 1 [ (1 + \2t + a - 2r\)- p dr 

Jt-(R-cr)/2 

< Ce 2 {l + 2t + a) 2X -\l + \a\y- p , (t, a) G D x , oj G S 2 . (6.28) 
Because D 2 is a bounded set, it follows from (16. 8p . (16. 2 1 j) . and (I6.23P that 

\w* k (t, t + a,oj)\ + \eW k {a, oj) \ < Ce 2 < Ce 2 (l + 2t + a) 2X ~ l {l + H) 1 ^ (6.29) 

for (t, a) G D 2 and oj G S 2 . Now (E2ZD for a < R follows from <K28\f and ( l6T29p . 
Similarly to ( 16. 21 h . we obtain from ( 16. 8ft and ( I6.27P that 

|W^(<t,w)| < Cfe(l + H)- p , (ff,w)£KxS 2 . (6.30) 

Finally we define 

W k (<T,u>) = Wj!(<T,(u) + W k (<T,u), (a,u) Glx5 2 

for 1 < k < N". Then, from ( IBTTUp . (E2SD, and (l6T27p . we find that (T2T22P and 
(I2T2^P are true. follows from flo^T]) and 



Note that we have f[2727f) by (F2T25P and (JO}. Notice also that we have <9£W& G 
C 1 ^ x S 2 ) for 1 < jfe < AT" and p = 0, 1. 
Step 2: Construction of V . We define 

vl(t,r,oj) =(v{ t _(t,r,u), . . . , vjp _(t, r, w)) T 

._ e -& e {t,r-t,J) d _ ( rv ^ ru ^ ^ (6>31) 

where 

@ £ {t,a,oj) := (elogt) A[^](a,w), (6.32) 

and A[W]{a,u) is given by (12TT9>(I2T20P with W = W{a,u) = (W k (a,oj))^ k ^ N „ 
just having been constructed. Since d + (0 e (t, r — t, oj)) (= et -1 A[VK](r — t, oj)) 
commutes with ® e (t, r — t, oj), we have 
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Hence we get 

d+vl(t,r,u) = e-®'^-*.") {d + d_(rv(t,ruj)) - -A[W](r - t,w)d-(rv(t,ru 
and from (16.1 ip and (16.121) we obtain 

9 + 4_(t,r,w) = *j(t,r,u), l<j< N', (6.34) 

where 

V(t, r, u) = r, w), . . . , V N >(t, r, u)) T 

H*(t, r, co) = (H*(t, r,cj),..., H*(t, r,co)f 

= (#! (t,r,u),..., H N i (t, r, w)) T - ~ A[W] (r - t, u;)<9_ (rv(t, rw)). 

Here Hj(t, r, co) for 1 < j < N' is given by (16.131) . 
By (jZTSD , ( jZgOj) , and ([2T27]) we obtain 

||A[H/](a,u;)|| < C (|W(cr, co)\ + \d a W(<r,u)\) < C(l + \a\)- p , (6.35) 

where ||B|| denotes the operator norm for a matrix B. Hence we get ||0 e (£, cr, w) || < 
Ce log i, which leads to 

|| e ±0 e (t,^)|| < e l|0e(t,^)|| < e Celogt < f <fe (g 3 g) 

and 

|| e -e«(t )ff ,w) _ j|| < e ||e e (t,<r^)[| _ x < gCelogt _ 1 < Cet Ce+X 37) 

for t > and (cr, cu) G R x S* 2 . Here, in order to obtain ( I6.37p . we have used the 
inequality e T — 1 < re T that is valid for r > 0, and the inequality logt < C\t x that 
is valid for t > 1 with some positive constant C\ depending only on A > 0. 
From (15 .4p we get 

r^KA^v^ru)] < C(l + t + r)- 2 (l + \t - r\)-\ (6.38) 

Since t -1 — r _1 = (r — t)(rt) _1 , we obtain from ( 16. 7p and (I6.35P that 

(- - A[W){r - t, tu)d- (rv(t, rco)) | < Ce 2 {\ + t + r) A ~ 2 (l + \t- r\Y P . (6.39) 

Note that we can replace t~ x by (1 + 1 + r) -1 to derive of ( 16.391) because we have 
A[W]{r - t, co) = for r > t + R. We define 

G# (t, r, co) = (Gf (t,r,co),...,G*,(t,r,co)Y 

T £ 

:=r (Gj (u, u(t, ru), du(t, ra)))^.^, - -A[W] (r - t, co)d^ (rv(t, ru)), 
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where each G* is given by ([212]) . By f[2T22l . f[2~27p . f lXTUj) . and flS2}, we get 



rwi(t,ru)(d a v k )(t,ru) 



2r 



- ) Wj(r - t,w)<9_ (rv k (t,rco)) 



< \(rwi(t,ru) - eWi{r -t,u)) (d a v k )(t,ru)\ 

+ -Wi(r-t,u)) (r(d a v k )(t,ru) - d-(rv k (t,ru))) 
<Ce 2 (l + t + r) 3X - 2 (l + \t-r\)- p 
for 1 < k < N' and 1 < I < N". Similarly, using f[2"^5|) instead of we obtain 



r(d b wi)(t, ruj) (d a v k )(t, ru) 



2r 



(d a Wi)(r - t,u)d- (rv k (t,ru)) 



< Cs 2 (l + t + r) 3A - 2 (l + \t- rl)- 1 -". 
Thus, recalling f[2TT2]) and fl2^0|) . we get 

\G # (t } r,co)\ < Ce 2 (l + t + r) 3X ~ 2 (l + \t - r\)' 
which, together with (16.141) . (I6.16p . and (I6.39p . yields 



Hf(t } r,uj) <Ce 2 (l + t + ry x - 2 , 1 < j < N' . 
Hence by (I6.36j) and (I6.38p . we get 

\^j(t,r,u})\ < Ce(l + t + r) 3X+C£ - 2 , 1 < j < N'. 
Now, we define Vj- = Vj-(a,u) by 

POO 

for 1 < j < N'. Then, from Lemma [6.11 (I6.34p . and (16.411) . we obtain 
\vl_(t,t + <T,u))-eV jt -(<T,u)\ < Ce{l + 2t + af x+C£ - 1 



(6.40) 
(6.41) 

(6.42) 



(6.43) 



for 1 < j < N', t > t (a), and (a, u) G R x S 2 . From ([ED and (RT32I) we get 



Vj-(a,u) = 0, a > R, u G S 2 . 



(6.44) 



Hence 



Vj(cr,u) 



2 



^•,_(r,w)dr, l<j<N' (6.45) 

is well-defined. We put V = (V u . . . , VV) T Since -23^ = V, ( Eg} and 
lead to 

|9_ (rv(t, rw)) - (^e^^-^^V)^ - t, w)| 

< || e ©«(*.'-t^)|| \ e -®e(t,r-t,u) d _ ( ru (^ ra; )) _ (-2e){d a V){r - t,u)\ 

<Ce{l + t + rf x+C£ -\ (6.46) 

Finally, observing that (I3.10p and (16. 7p yield 



r(d a v)(t,ru) - (~y) d-(rv(t,ru)) < Ce{l + t + r) 



A-l 



we obtain fl2T2T|) from fl6Tl6|) . 
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0,*\T 

3 )l<j<N' 



Now it remains to prove (I2.24p . We set t> '* = {vf*)J <j<N ,, where vf*(t,r, u) 



rvj(t,ru). From ( 15. 4 p and (I6.10P we find that 

\{d-vf* )(t,t + a,u)-(-2)(d a V?)(a,u)\ <C(l + 2t + a)- 1 (l + |a|)- 1 (6.47) 
for t > t (a) and (er, uj) G R x S 2 . If we put 

POO 

+ / (r-\Kv»){Tiru))\ dr, (6.48) 

then it follows from Lemma [6. 11 (16.111) with ip = v®, and ( I6.38P that 

* + a-, w) - Vj_(<7, w)| < C(l + 2t + a)~\l + (a))- 1 (6.49) 
for t > t (a) and (tr, w) G R x S 2 . Now from (16\47p and (HM) we get 

|-2(^\A°)(<r,w) - V?(a,u)\ < C lim (1 + 2t + tr)" 1 ^ + H)" 1 = 0, 
which shows 

-2{d a V J °){a,u) = V?_(<r,u), (a,u) G R x S 2 . (6.50) 

We put v*(t,r,co) = rVj(t t ru), and v* = {v*)J^ N ,. By (16^21 . (16^51) . (E3HD, 
and (I6.50p . we obtain 

2 ((W^a;) - (d a V°)(a,co)) = - - 

= - ( e - e -^W.^) - I) (cL W '*) (t^n^u;) 

_ £ -l e -® E (*lW^)(9_^)(t 1 ( (7 ) )r . 1 ( (7 ) )a ;) 
/>oo 

-e" 1 / e- e,e(r ' <T ' a;) if # (r,r + a,a;)rfr 

y*i(<T) 

/•oo 

- / {r- 1 (e- & ^») - I) (A w v°)(r,ru))\ r _ r+ Jr. 

J Ha) 

Now using (J52J), (EH), (EZD, (1636|) . (1637|) . (1638]) . and flggSD , we get 

|3 ff V(<7,w) - fltV°(^w)| <Ce(l + ti(cr) +r 1 (a)) A+C£ (l + H)- 1 

/■oo 

+ Ce / (1 + 2r + a) 3A+C£ - 2 dr 

<C7e(l + |a|) 3A+C£ -\ 
which leads to ( I2.24p . This completes the proof. □ 

7. Asymptotic Behavior in the Energy Sense 

The purpose of this section is to prove Corollary 12.81 We also revisit three 
examples stated in Section EU and we will prove ( 12. 35ft . (12.391) . and ( 12. 42ft . 

To begin with, we observe that (l2T2Tj) . Q2222J, and (I2^5|l in Theorem Ell are 
actually valid for any (t,r) G [2, oo) x (0, oo) and uj G S 2 . Indeed what is left to 
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prove is their validity for (t,r) G A x and u G S 2 , where A x = {(t, r) G [2, oo) x 
(0, oo); r < t/2}. We obtain from (JO) that 

sup |r<9 a t> (i, uu)| < Ce: (t + r) A_1 (7.1) 

for (i, r) G Ai, because we have (t + r) < C (t — r) for (t, r) G Ai. Similarly f l2.26D 
and (16.361) imply 

sup lee^^^-^idrV^r -t,u)\<Ce(t + rf x+C£ ~ l (7.2) 

UJ&S 2 

for (t,r) G A x . Equations fl77T]> and (E2D show that (12T2H holds also for (t,r) G Ai 
and u £ S 2 . In the same fashion, it follows from (16 .8I> and ( 12.27ft that 

sup ^2(t-r) 1 ( ^ |r(9 Q w)(t,rw)| + \e(d l a W){r - t,u)\ 

^ S2 1=0 \\a\=l 

<Ce(t + ry p <Ce{t + r y l (t - r) 1 ^ , (t,r)GA 1; (7.3) 

which shows that (I2.22p and (I2.23P are true also for (t,r) G A x and u G S 2 . 
The following is an immediate consequence of this observation. 

Corollary 7.1. Assume that the assumptions of Theorem 12.61 are fulfilled, and 
(f,g) G D. Let v, w, V, W , and X be as in Theorem 12.61 We define as in 
Corollary 12.81 VFe a/so set 

OM) ■= {^r-\d V)(r-t, U ))\^^ M , (7.4) 
W^(t,x) := {uar-\d„W)(r-t,u,))\^ x ^ M (7.5) 

/or < a < 3. Taen £aere exists a positive constant C such that we have 

3 \ V2 

£ \\d a v(t, •) - ee**Mv^(t, < Ce(l + t^e-M), (7.6) 

>a=0 / 
3 \ I/ 2 

E II^C*. •) - eW U^ Olliw ^ c < 1 + *) 2A-1 ( 7 - 7 ) 

v a=0 / 

/or t > 2 and sufficiently small e(> 0). 

Proof. Let £ > 2, and let e(> 0) be sufficiently small. Switching to the polar 
coordinates, we find from (" 12 . 2 1 [) for (t, r) G [2, 00) x (0, 00) and uj G S 2 that the 
left-hand side of ( I7.6P is bounded by 

(/•oo \ 1/2 

J (1 + t + r )6A+2C £ -2 d \ < + t) 3A+C £ -(l/2) ) 
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which is the desired bound. Similarly (17. 7p follows from f !2.23j) for (t, r) G [2, oo) x 

(0, oo) and oj G S 2 , because we have 

/ roo \ 1/2 

Cei^j {l + t + r) 4X - 2 {l + \t-r\)- 2p drj < Ce(l + t) 2 ^ 1 

for p> 1/2. □ 

Corollary 12.81 follows from Lemma 13.101 and Corollary 17.11 

Proof of Corollary \ 2. 81 Suppose that all the assumptions of Theorem 12.61 are ful- 
filled. Note that f[2T26]) and fl2T27j) imply d a Vj, d a W k eL 2 {Rx S 2 ) for small e > 0. 
Remember the definition of the isometric isomorphism T : Hq — > L 2 (IR x S 2 ) given 
in Section ESI We set = T _1 [^-](e H ) for 1 < j < N', and 

t; + = ( £ W [/ 1 + l9 +] ) ..., £ W [/+ ) 4]) T . 

Let be as in Corollary 17.11 Then, since we have 

eV? t .{t,ru) = (eo; a r- 1 r[//,^ + ](r-t,a;))^ iV „ 

Lemma 13.101 implies 

/ 3 X 1 / 2 

hm ( £ ||0 a t,+(f, •) - .)lli»(*.)J =0. 

Now fl2T28l) follows from £L6]) in Corollary O with the help of fl6T36|) . 

By setting (f^ /+k ,g^, +k ) = T _1 [9o-Wfc] for 1 < fc < AT", and using (O), we can 
show (I2T291) similarly. □ 

Another consequence of Lemma 13.101 and Corollary 17.11 is the following. 

Lemma 7.2. Suppose that all the assumptions of Theorem \2.6\ are fulfilled. Let v, 
V , and W be as in Theorem \2.6[ Assume that e is positive and small enough. 

If v is asymptotically free in the energy sense, then there exists a function T + = 
T+(a,u) G L 2 (R x S 12 ;^') such that we have 

lim e (^t)MW] da y = T + m L 2 (R x S 2. R N'y 

t—>oo 

Proof. Choose G H 1 ^ 3 ) x L 2 (R 3 ) for 1 < j < N' satisfying 

lim \\v j (t,-)-U Q [ef+,eg}](t,-)\\ E = 0. (7.8) 

t— >oo J J 



We set T+ := T[/+, g+] for 1 < j < N', and T+ := (T+, . . . , T+ ) T . If we put 

T?*(t,x) := (w.r-^Cr-t.o;))!^,^,, 
then (17.81) and Lemma [3.101 imply 



hm \\9 a v(t, •) - eT+> a (t, .)\\ 2 L2m = 0. (7.9) 



t—>oo 

o=0 
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Let and 0+ be as in Corollary O Then (jTSJ and flU} y ield 

3 

lim £ We^V^t, •) - T^(t, .)\\l 2m = 0, 

a=0 

which leads to 

lim / ( /°°|e (£log * )AW{,7 ^(^^)(^w)-r + ( ( T,a;)| 2 rfaV^ = 0. 



3 (,lo g *)A [W ] (W||L < C(l +t) 3A + C e -(l/2) Q) ^ ^ 



t— >oo 

By (l2~26]) and ([636]) we get 

L 2 ((-oo,-t)xS' 2 ) 

Since T + G L 2 (M x S 2 ), it is easy to see that \\T + \\ L 2^_ 00 ^ t ) xS 2) converges to as 
t — > oo. Now we obtain the desired result immediately. □ 

Next we will observe how freely we can choose the values of the radiation fields. 
Let ip G C^(M 3 ) be radially symmetric, namely there exists a function ip R such 
that ip(x) = ip K (\x\) for x G M 3 . Then, the Radon transform of ip can be written 

as 



TZ[^](a,u) = I i) K (y\y'\ 2 + <r 2 ) d y' = 2n [ si) K (s)ds. (7.10) 
We also get 



</eiR 2 



d a TZ[ip)(a,oj) = -27ro-^ K (|o-|). (7.11) 

Lemma 7.3. Given a ^ 0, a G M., and G M., t/iere exists a pair of functions 
(ip,ip) G C^(M 3 ) x C£°(M 3 ) snc/i i/iai we have 

Jo [v, V>] (°o, w) = a, (9^0 ^]) (o-o, w) = /3 (7.12) 

/or any a; G S 2 . 

Proof. We can choose a smooth and even function ( = ((s), vanishing in some 
neighborhood of s = and vanishing also for large \s\, such that CG^ol) — 2a and 
C'd^ol) = 2(sgn<7 )/3, where ('(s) = (d(/ds)(s). For x G M 3 , we define (p(x) = 
and ip{x) = — | a; | ~ 1 C ( | a; | ) . Then we have ip G C^R 3 ), and we can easily obtain 
(TTT21) from Q7IDD and (17TB . □ 

Let us recall the systems (03]) . (12T36|) . and (12401) in Examples EH I2TTU1 and 
12.111 We are going to show (I2.35p . (I2.39p . and (12.421) . For simplicity we only 
consider the initial condition of the form (11.21) . instead of ( I2.8p . More precisely we 
prove the following. 

Proposition 7.4. We put X N = C£°(R 3 ; R N ) x C^R 3 ; R N ). 

(1) There exist (f,g) G X 2 and three positive constants E\, C\, and C 2 such that 

deil + tf 16 < \\u(t)\\ E < C 2 e(l + tf 2£ , t>0,0<e<e 1 , (7.13) 
where u = (ui,u 2 ) T is the global solution to (I1.23P with (11.21) . 
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(2) There exist (f,g) G X3 and three positive constants E\, C\, and C 2 such that 
d(e+£ 2 log(l+t)) < \\u(t)\\ E < C 2 (e + e 2 \og(l + t)), t>0, < e < e u (7.14) 

where u = (v T ,w) T = ((vi,v 2 ),w) T is the global solution to (I2.36j) with (II .2p . 

(3) For any (f,g) G X% with (f,g) ^ (0,0), there exist three positive constants C\, 
C 2 , and E\ such that 

CiE < \\u(t)\\ E < C 2 e, t>0, <£<£ h (7.15) 

where u = (v T ,w) T = ((vi,v 2 ),w) T is the global solution to (12.401) with ( 11. 2ft . 
However there exists some (/, g) G such that u is not asymptotically free in the 
energy sense for < £ < E\. 

Proof. In what follows, V and W are the modified and the standard asymptotic 
profiles for the system under consideration in each assertion. V^, and 0+ 
are defined as in Corollary 17.11 

First we prove (1). We put w = diu 2 —d 2 Ui. Then, as we have shown, {u\, u 2 , w) T 
satisfies (041) with (12T301 and (12T3TD . By (l2~18l) . we see that for any (/, g) ^ (0, 0) 
and T > 0, there exist two positive constants Ct and £t, depending on /, g, and 
T, such that 

Cy x £(l+T) < ||u(*)||b < C T £, <t <T, < e <e T . (7.16) 

We are going to prove the following: If we choose appropriate (/, g) G X 2 , then 
there exist three positive constants C[, C' 2 , and £ 2 such that 
/ 3 \ x /2 
C[(l + t)^< \^(\\e &t(t K:Ml + \\ W U t )\Q) <C' 2 (l+tf^ (7.17) 

for t > 2 and < £ < £ 2 . Once ( I7.17P is established, we obtain the desired result 
from ( I7.6p . ( 17. 7p . and ( I7.16p . Indeed, if we choose sufficiently large T(> 0), then 
(17. 6p . (17. 7p . and ( I7.17P yield the desired estimate for t > T, while (I7.16P implies 
the desired estimate for < t < T, provided that e is sufficiently small. 
We start the proof of (T7TT71) . We take 

O = {cu = (co u u 2 ,u 3 ) G S 2 ; wi < -1/4, co 2 < -1/4}. 

Remembering ( I2.32p . we get 

3 f poo 

J2\\ e & °Vv*Jl 2 >2 / r e ^ w ^\d<y x {a,oj)\ 2 dadS u (7.18) 

for t > 2. Fix some o~q > 0. From Lemma [7.31 we can find {fj,gj) G X 2 (j = 1,2) 
such that 

{doFolh, gi}) (o-q, u) = - {d a J z [f 2 , g 2 }) (a , u) = 8, w G S 2 . 
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From the continuity of the radiation field, we can choose some 5 > such that 

(d a T [f 1 ,g 1 ))(a,u),-(d a T [f 2 ,g 2 ))(a,uj)>4, \a - a \ < 6, cueS 2 . (7.19) 
Then fl2T3T|) leads to 

•7 r o[/3,fl'3](o-,w) =wi (d^of/a,^]) -w 2 (d ff .Fo[/i,0i]) > 2 

for |cr — cr | < 5 and u; G O. Now, with this choice of (/, g), (12.241) and 02.251) imply 

d Vi((r,u) > 2, W(<r,u) > 1, |a-(j o |<^wG0 (7.20) 

for sufficiently small e. Since we may assume a — 5 > > — i, by (17.181) and (I7.20p 
we obtain 

J2\\e &tit K:M\\l*>c(i + ty/* 

a=0 

for t > 2, and the first half of (I7.17P is proved. 

By fl22SD and fl2T27j) . we have Wd^H^ ^ + \\d a W\\ L 2 ^ < C for small e > 0, where 
L 2 )U) denotes L 2 (R x S 2 ). We also have t~ e ^ w l 2 + |w7/ 1 (r ewlW / 5! - 1)| < C{l+t) Ce 
for i > 2. Hence we get 

3 \ V2 

El|e ^V^(t)||| 2 <C(l + t) Ce ||9 ff y|U^ < C(l + t) Ce , (7.21) 

,o=0 / 

3 \ V2 

E H^WHi^ <C|I < C, (7.22) 

,a=0 J 

which imply the last half of (I7.17p . 

Next we prove (2). Since (17.22p is valid also for this case, our task is to estimate 
J2l=o\\ e&tit)V a*(t)\\h- Fix some a > 0. Similarly to (17391) . we can take some 
(/> 9) £ ^3 an d some 5 > such that 

> 2, \a- <t \ < 5, u e S 2 , 1 < j < 3. 

From (|2T24"P and (T2T25D . we get 

d V x {(T,u) > 1, <9 CT V 2 (a,u;) > 1, d ff W((T,u) > 1 

for I a — cr 1 < 5 and u 6 5 2 , provided that e is small enough. Since we may assume 
a — 5 > 0, from (12.371) we get 

J2\\e &t{t) V^\\ 2 L 2>S7r / |l + elogt| 2 d ( r>C(l + £log(l+t)) 2 

for t > 2 and small e. It follows from fl2T26l) . fl2T2?]) . fT2~37l) . and fl2T38|) that 

3 2 

J2\\ e&t(t)v Z*\\l* <c(||^|| L 2 >u + ( £ iogt)||w|Uo 0(RxS2) ||a CT y 2 || L 2 >u j 

a=0 

<C(l + elog(l + t)) 2 . 
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Now, using Corollary 17.11 we can easily reach at the desired result as before. 
Finally we prove (3). From (12.401) we obtain 



d 
dt 



(IKt)lll) 



V / FHdu)d t Ujdx. 

It follows from Lemma O (with s = 0), (j2TT5]) . and f[2Tl7)j) that 

V / <C7 fsup (t + NT 1 Kt,x)|i) ||0u(t)|| 

~^ Jr 3 Wr 3 / 

<C7 £ 3 (1 +t) 3A - 2 . 

Hence we get 

POO 

\\Ht)\\ 2 E -\\u{0)\\ 2 E \<Ce 3 / (l + r) 3A - 2 rfr <Ce 3 , 

Jo 



2 

L 2 



which leads to (I2.42p for small e > 0, because we have 

2|| M (0)||| = , 2 (||V,/||i 2 + ||^||i 2 )- 

Now we are going to prove that u is not asymptotically free in the energy sense 
for some initial profile. We fix some o"o > 0. Then, similarly to the above, we can 
take (/, g) G X$ and 5 > such that 

d a V(a,u) ^ 0, 1 < d c W{a,u) < 2, (a, u) G X x S 2 (7.23) 

for sufficiently small e > 0, where X = (er — 5, o"o + 5). Suppose that u is asymp- 
totically free in the energy sense. From Lemma [7.21 we see that e^ £logt ^ A ^ w ^(d a V) 
converges to some function in L 2 (R x S 2 ) as t goes to oo. Therefore we get 



hm \\( e ^o S (et))MW] _ e ( £ lo g *)A[H1 )(W || = Q (? M) 

t-»oo 

On the other hand, we get 

11/ ( £ log(et))A[W1 _ (elogt)A[W]\/a mil 

II \ C e ^IIl 2 (Rx5 2 ) 

= ||(e £A ^-I)(^)|| L2(Kx52) (7.25) 

for t > 2, because we have | e (ei«**)A[W](«r,«)y| = |F| for any K G IR 2 by O^TD . 
By (E21 and (I725j» we conclude that ( e eA ^ a ^ - I)(d a V)(a, u) = for almost 
every (a, uj) G R x S* 2 . This contradicts (17.231) if e(> 0) is small enough, because 
e eA[w](a,ui) _ i j s invertible when < e{d a W){a 1 to) < 2ir. Hence u is not asymptot- 
ically free in the energy sense for small e. □ 
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8. Proof of Theorems 12.141 and 12.151 

8.1. Proof of Theorem I2.14L Before we proceed to the proof of Theorem 12.141 
we recall some elementary facts from the linear algebra. 

Let m be a positive integer, and I be the m x m identity matrix. Suppose that 
B is an m x m complex matrix. For a complex number fi and a positive integer 
n, we define /C£(B) = ker(B - /il) n = {y G C m ; (B - fjl) n y = 0}. We also define 
/C^(B) = U^Li^>(B)- ft i s known that for any /i G C, there exists a positive 
integer /(< m) such that /C^(B) = /C M (B). Let . . . (with some J < m) be 
all of the distinct eigenvalues of B. Then it is well known that we have 

./ 

C" = 0X: w (B). (8.1) 

i=i 

For y G /C^.(B), we get 

e rB y = e ^i e -(B-^i) y = — (B — // 7 I) n y, (8.2) 

n! 

ra=0 

where is the smallest positive integer to satisfy /C^ (B) = /C^. (B). We define 

Z(B) = /C*(B)© K W (B). 

l<i<J;Re/X;,<0 

Note that y G 2(B) implies 

(b J] (B-AiiI) m )l/ = 0. (8.3) 

(18.11) and (I8.2p lead to the following property: 

Lemma 8.1. e rB y converges to some vector in C m asr-y oo ; if and only if 

yeZ(B). 

The following two lemmas play important roles in the proof of Theorem 12. 141 

Lemma 8.2. Let 3>o be an m x m matrix. If $o has an eigenvalue A whose real 
part is positive, then there exists a vector z° = z°($ ) 6 C m such that the following 
holds: Suppose that <fr = &(s) be an m x m matrix-valued function of e G [0, 1], 
say; if <fr = continuous at e = 0, and 3>(0) = 3>o> ^en i/iere exzsi two 

positive constants e\ and 5 such that 

Z(3>(s))nB s (z°)=® (8.4) 

for any e G [0, Si\, where Bs(z°) = {y G C m ; |y — z°\ < 5}. 

Furthermore, if <&o ° rec ^ matrix, then we can choose z° in the above from R m . 
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Proof. We denote the eigenvalues of 3>(e) by Ai(e), . . . , A m (e), with each eigenvalue 
being counted up to its algebraic multiplicity. Without loss of generality, we may 
assume that each Xj(e) is continuous at e = 0. Note that Ai(0), . . . , A m (0) are the 
eigenvalues of <&o- 

If all the real parts of the eigenvalues of 3>o are positive, then (I8.4j) is trivial, 
since Re Xj(e) > for 1 < j < m, provided that e is small. 

Suppose that the real part of some eigenvalue of <&o is non-positive. Then, 
without loss of generality, we may assume that ReAj(O) > for 1 < j < m' and 
Re Xj(0) < for m' + 1 < j < m with some positive integer m'(< m). We define 

*(e) = *(e)(*(e) - X m/+1 (s)I) m ■ ■ ■ (*(e) - X rn (e)I) m , e > 0. 

We are going to show that there exists z° G C' m , depending only on <fr , such that 

*(0)z° ^ 0. (8.5) 

Let z 1 G C m be an eigenvector of $o associated with the eigenvalue Ai(0)(> 0). 
Then we have 

*(0)^ = Ai(0) (Ax(0) - A m , +1 (0)) m • • • (Ai(0) - A m (0))"V + 0, 

and we obtain (18. 5p with z° = z 1 . If <fr is a real matrix, then the same is true for 
Nf'(O) (observe that if A is an eigenvalue of <&o, so is its complex conjugate A), and 
we have either *&(0)(R,e z 1 ) 7^ or ^ r (0)(Im2 1 ) 7^ 0. Thus we can choose z° G M m 
satisfying (18. 5p . 

Suppose that z° satisfies ( 18. 5ft . From the continuity of ^(e) at e — 0, the 
mapping (e,y) h-> *&(s)y is continuous at (e, y) = (0,z°). Hence there exists e 2 > 
and 6 > such that *&(e)y 7^ for any y G Bs(z°) and < e < 62- This leads 
to (JE3D, because y G Z($(e)) impl ies = if e(> 0) is sufficiently small 

(cf. (18. 3p ; observe that Re Xj(e) < implies m' + 1 < j < m for small e). □ 

Lemma 8.3. Let <fr = be an m x m real matrix-valued function, and e% 

be a positive constant. Assume that <l> = continuous at e = 0, and t/iat 

#(0) 7^ O, where O denotes the zero matrix. 

If all the real parts of the eigenvalues of 3>(e) are zero /or < e < £i, i/ien /or 
any 2; G lR m satisfying $>(0)z 7^ ; i/iere exzsi two positive constant S2{< Ei) and 5 
such that Z(&(e)) fl B s (z) = holds for any e G [0, e 2 ]. 

Proof. Suppose $(0)2 7^ 0. Then, from the continuity of the mapping (e, y) 1— > 
&(e)y at (e,y) = (0,z), there exist two positive constant e 2 (< £1) and 5 such that 
<fr(e)!/ 7^ for < e < £2 and y G Bs(z). This completes the proof because 
S($(e)) = )Cl(&(e)) from the assumption. □ 

Now we are in a position to prove Theorem 12. 141 (AFP) under the null condition 
follows immediately from Theorem I2.6l by regarding w = u and neglecting v. Hence 
we only have to prove that (2) implies (1). 
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Suppose that Condition 12.21 is satisfied with D = X N , and (AFP) holds. We 
define B(u,£,v) = (B jk (u>,Z,ri))i<j,k<N' by 

^ 3 N" I 3 
a=0 1=1 \ 6=0 

for w = (ui 1 u 2l u 3 ) G S 2 , and £ = {£i)J<i< N „, V = {r]i)I<i<N" e rN " > where cjj and 
<i^ 6 are from (12.121) . Observe that we have 

A[C]{a,u) = B(u>X(<7,u),{d<,Q(<T,u>)), 

where A[Q{a,u) is given by fl2TT9D -f l2T20l) . 

Suppose that there exists some (u/, £',r/) G S 2 x R^" x R^" such that A := 
B(u/, r]') has an eigenvalue A with Re A ^ 0. We may assume Re A > 0, because 
unless so, —A is an eigenvalue of B(u/, — —77') with Re(— A) > 0. We put z' = 
z°(Ao), where 2;°(A ) is from Lemma [8.21 with m — N' and $0 — Aq. Note that 
we may assume z' G M. N> . We fix some a' 7^ 0. Writing £' = (Ck)i<k<N" ^ V' = 
{Vk)i<k<N"i and ^' = («J)i<j<tf'» b y LemmaOwe can find (f,g) G ^(i 3 ;^^) x 
Co°(R 3 ; R N ) such that we have 

^ofeffjDKw)^', (8-6) 

^ 7 o[/jV'+fc,fi'Af'+A:](o r/ ,w) = ffc, (9 a J r [/iV'+A:,fl'Ar'+fc])(o r ',w) = (8.7) 

for 1 < j < N', I < k < N", and w G S 2 . Let V and W be the modified 
and the standard asymptotic profiles corresponding to (/, g) above. We write 
V = V(a,u;e) and W = W(a,u;e) to indicate the dependence on the parameter 
e explicitly. We put A e = A[W(-, •; e)](a', u') for s > 0. Then, by (ESSJ), we get 

A e = B(u/, W(a',u;';e), (d a W)(a',u;';e)) -> B(u/,£', r/') = A 

as £ -> +0. Hence, from Lemma [8 .2[ there exist E\ > and 5 > such that 

z(A e )n = 

holds for e G [0,ei]. Since (12T24D and (EED imply {d a V){a', u/; e) G Bj(s') for 
sufficiently small e(> 0), we obtain 

(d a V){a',u';e)?Z(A E ) (8.8) 

for sufficiently small e{> 0). From (AFP) and fl2~2B . ee TA *(d a V)(a' , u'; e) must 
converge to some vector in M. N> as r — > oo, provided that e(> 0) is sufficiently 
small. However this never occurs because of (18.81) and Lemma 18.11 Hence we 
conclude that all the real parts of the eigenvalues of B(w, £, 77) must vanish for any 
(u,£,v) eS 2 x R N " x R^". 

We fix arbitrary (u/,£',rf) G S 2 x R^" x R N " , and put A = B(w', £',?/) as 
before. Suppose that Ao 7^ O. Then we can find a vector z' G R^' such that 
A z' 7^ 0. Now, for this new choice of u/, 77', and z', we choose (/, g) satisfying 
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(18. 6p and (18 ,7p . Then, following the similar lines to the above, but using Lemma [H731 
instead of Lemma 18.21 we reach at ( 18. 8 p again, which is a contradiction. Hence we 
conclude A = O. Because (<</,£', rj') can be chosen arbitrarily, this means that 

B(w, C, V) = O, (w, £, ^) e S 2 x R*' x R"'. (8.9) 

Therefore ^ =0 o; a c^ (u) = Y.l,b=o u a^bd^ 1 b {oo) = for any oo G S 2 . Remembering 
that we have d a = Z a — oo a d t , and looking at (I2.12p . we get 

3 N' N" / 3 \ 

Gj(u, u, du) = Y Y Y ( ca jt( u ) w i + Y d jk b (u)dbWi J (Z a v k ) 

a=0 fe=l i=l \ 6=0 / 

3 N' N" 3 

~ Y Y Y Y d^\uj)(Z b wi){u a d t v k ) 

a=0 k=l 1=1 6=0 

for a smooth solution u = (v T ,w T ) T to ( Il.ip -( l2~8l) on [0, T) x R 3 , and we obtain 
\Gj{u,u,du)\ < C(\u\ + \du\) \Zu\. Now, from (|2TT3|) . ( 1279]) . and Lemma O we 

get 

|F(u(t,rw),9u(t,rw)) | < C (t + r) _1 rw)|i + |9u(*,rw)|) |w(£,ru;)|i (8.10) 

for any oo <E S 2 and (t,r) G [0,T) x [0, oo) satisfying r > t/2 > 1. 

We fix o"o 7^ 0. Let (X, Y) G R w x R^ be given. By Lemma I7.3[ we can choose 
(f,g) G C co (M 3 ;M Ar ) x (^(R 3 ; R N ) such that 

(j„[/ J j j ](<T„, W ),(9 (r Jo[/ 3 J 3 ])(<To )W )) = (I J ,y 3 ), ooeS 2 , l<j<N. (8.11) 

Let it = (v T ,w T ) T be the solution to ( ll.ip -( l2T8l) with this choice of (/, g) from now 
on. We write u = u(t, x; e) in order to indicate the dependence on e explicitly. Let V 
and W be the modified and the standard asymptotic profiles given by Theorem l2.61 
Note that, from (ESI) and fl2~211 . we have 

3 

Y \r(d a v)(t, ru) - £u a (d a V)(r -t,u)\<Ce(t + r f x+C£ - 1 (8.12) 

a=0 

for r > t/2 > 1 and u G S 2 . We put U = (V T , W T ) T . From fl57TTI> . (f87l2|) . (T2722]) . 
and (127231) . we get 

hm {e _2 r 2 F(u(t, rw; e), <9it(t, rw; e)) } | r=i+cr 

= F red (u, U(a } oo; e), d a U{a % oo; e)) (8. 13) 

for any fixed (a, oo) G R x S 2 . On the other hand, using (16. 7p and (16. 8p to evaluate 
the right-hand side of ( 18.101) . we obtain 

{e- 2 r 2 F(u(t,roo;e),du(t,ru;e))}\ r=t+a < C (2t + a) 2 ^ 1 ->■ 0, t -» oo. (8.14) 

It follows from (l87l3l) and (187T1) that 

F red (u;,[%o,a;;£),d^(CTo,a;;£)) = 0, u6 5 2 (8.15) 



50 



SOICHIRO KATAYAMA 



Taking the limit in (KTT5j) as e +0, we obtain from fTCTj) . ( I2T25]) . and ( ETTTj) 
that F rcd (u;, X, F) = for u G S 2 and 1 < j < N (note that F rcd does not depend 
on Xj with 1 < j < N' because of (l^TTjl ). Since (X, F) G R N x can be chosen 
arbitrarily, the null condition (II. 31) is satisfied. This completes the proof. □ 



8.2. Proof of Theorem 12.151 Before we start the proof of Theorem 12.151 we 
investigate e rB for a real matrix B whose rank is at most one. Let p = (pi, . . . , Pn) t , 
q = (q u .. . ,q N ) T G R N . We put 



piqi . . . p N qi 



B = qp 



T 



\PiqN ■ ■ ■ PnqN/ 

For any y = (yx, . . . , |/at) t G M. N , we have By = qp T y = (p,y)q, where (•, •) 
denotes the inner product in R . Hence, for a positive integer k, we have 

»A;„. „.\ T3fc-1„ /„ „.\ „ „. ^ TEsiV 



and we get 



B k y = (p, y) B fe x g = (p, y) (p, qf q, ye 



e rB \V + i~(p,y)q, if(p,g) = 0, 

!V S y+(p,q)~ 1 (p,y)(e MT -l)q, H(p,q)^0 



for any ?/ G M.^. We need the following lemma for the proof of Theorem 12.151 

Lemma 8.4. Let C be an N x N real matrix, and b G M. N . Suppose that there 
exist two vectors y, y' G M. N such that 

(Cy,y}^0, (<V,6)^0. 

Then there exists z G M. N such that we have 

(Cz,z) ^ 0, and (Cz,b) > 0. (8.17) 

Proof. It suffices to prove the existence of z satisfying (I8.17P with (Cz, b) > 
being replaced by (Cz, b) ^ 0, because either z or — z has the desired property, 
depending on the sign of (Cz,b). The case where we have either (Cy,b) ^ 
or (Cy',y') ^ is triviality. Hence we suppose (Cy,b) = (Cy',y') = 0, and 
we put z — y + Xy' for some A / 0. Then we have (Cz, b) = X (Cy' , b) ^ 0. 
Since (Cz,z) = (Cy,y) + X((Cy,y'} + (Cy',y)), we find that (Cz, z) ^ if |A| is 
sufficiently small. This completes the proof. □ 

Now we start the proof of Theorem 12.151 (AFP) and (AFE) under the null 
condition follow from Theorem 12.61 and Corollary I2.8[ respectively. Hence it suffices 
to prove that if (1) does not hold, then neither (2) nor (3) holds. 

Suppose that Condition II .11 is fulfilled, but the null condition is not satisfied. As 
we have seen in Section HJ we can apply Theorem 12.51 to the extended system (I4.6p . 
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and we can obtain a global solution u = {uj)\<j<N to the original Cauchy problem 
(0)-(EHD with F = F(du) for sufficiently small e(> 0). 

Since the null condition is not satisfied, there exist some u' G S 2 and Y' G W N 
such that F red (u' ,Y') 7^ 0. Then we may assume that (3(u) in the assumption 
(11.19ft is smooth and satisfies = 1 in some neighborhood 0(c S 2 ) of lo' . 

Indeed, there exists a neighborhood O of u' such that we have F red (a;, Y') ^ 
for u G O. We define p{u) = \F red (uj, Y')\~ l F ved {uj, Y'). Then P(u) is a smooth 
function of cu G O, and apparently satisfies = 1. Moreover, from (11.19)) we 

see that f3{ui) is proportional to 0(co), and (11.211) as well as (11.191) (with modified 
M(u, Y)) remains valid if we replace (3(oo) by (3(oj) for cu G O. 

Since \/3(u)\ = 1 for uj G O, it follows from (fl~T9"j) . (ODD , and (fTTT7|) that 

V V v 



m=l k=l 1=1 



for (w, Y) eOxR N . Thus, again by (091) . we obtain 

N N N Q 

F™ d (u,Y) = Pj{u)^^^Pm{u)9rniA")YMu,Y) (8-18) 

m=l k=l 1=1 

for (a;, V) G x and 1 < j < N. We fix a neighborhood 0' of u', which is 
strictly contained in O, and choose a smooth cut-off function x — satisfying 
X = 1 on O' and x = on S 2 \ O. From (PUD and flgjg) , we have 

N 

Ff(u,Y) = ^2gji(u,Y)hi(u,Y), 1 < j < N, (u,Y) G S 2 x 



2=1 



where 



with 



iV 



gji(u,Y) = 52gji, k (u;)Y k , 1 < j < N, 1 < I < N 



k=i 



N 



9ji,k( u ) = 0- - + x(u)Pj(v) /3 m (u)g m i jk (uj) (8.19) 

m=l 

for 1 < j,k < N and 1 < / < iVo. Thus (11.20)) holds true if we replace by 
9^7,fe- We consider the extended system (14. 6)) . and apply Theorem 12.61 to it in the 
following way: Let G be defined by (I4.15I) - (I4.16I) with g^ being replaced by g^, 
and let A[(] = (A/fc[C])i<j,fe<5iv be determined by (l219|) - (l2T20l) (with N' = 5N and 
N" = N ) correspondingly to this replaced G, where ( = (Ci)i<kn * s a smooth 
function of (er, oS) G K x S 2 . Then, for 1 < j < N we get 

1 No 

-7}^9iiA u )Ci{PiU)i l<k<N, 
i=i 

N + 1 < k < 5N. 



A jk [(](a,u)= { 2 
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We define B(a;,r/) = ^Bjk(uj,r])) 1<: . k<N by 
1 - 

B(u, V ) = --/3(u;)r ? T ^/3 m (a;)G m (u;), (a;, 77) G O x R^ , (8.20) 

m=l 

where Gi, . . . , Gjv are N x N matrix- valued functions defined by 

GiM = (flfii,*(w)) i<i<ivb,i<*<jv' 1 < i < Ar - 

Then ( l8~T9l) yields 

A ifc [C](o-,w) = ^(c^Cfaw)), l<j,k<N, (a,oj) eRxO'. 

Now we apply Theorem 12.61 to the extended system (14. 6[) of u* with 5N + N 
components, and we look only at the first N components corresponding to the 
original u, and the last N components corresponding to w which is defined by (14.31) . 
Then we see that there exist U = (Uj(a, u)) lK - <N and W = (Wk((T, to)) 1<k<No such 
that 

3 

\r(d a u)(t,ru) -eUae^^^-^idvU)^ -t,u)\ 

a=0 

<Ce(t + rf x+C£ ~\ tueO', (8.21) 

\rw(t,ru) -eW(r-t,u)\ < Ce{t + r) 2X ^ {t - r} 1 ^ , u G S 2 (8.22) 

for (t,r) satisfying r > t/2 > 1, where A and p are positive constants as in Theo- 
rem [275J Moreover, correspondingly to (I2.24[) we also have 

N 

]T \d a Uj{(T,u) - d a ^ U. 'j,9j](^)\ < Ce(\ + \a\) 3X+C£ -\ (8.23) 
3=1 

Let H be a matrix- valued function given by 
H(w) = I ^ h iM u a ) 

\a=0 / l<l<N ,l<k<N 

where hi ka is from (JXTTHJ) . Then the condition (11.211) leads to 

H(u)P(u) = 0, uj G S 2 . (8.24) 

We claim that 

W(a,u) = H(u)(d U)((T,u) = H(u)T(t,<t,u) (8.25) 

for (a,u) G R x O' and r G R, where T(r,<T,w) = e TS ^> w ( a >^(d a U)(a, u). From 
(18~24|) and (18^01 . we get 

H(w)B(w,»7) = 0, (u,ri) eO' xR No , 

and we obtain 

H(u;)e rB ^^ = H(w), (r, w, 77) G R x C x 
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which leads to 

H(cj)Y(t, a, w) = U(u)(d a U)(a,u), (r, a, u) G R x R x 0'. (8.26) 

From (|g^5]| . (TO]) , and (jEEZI) . we get 

|rw(t,ro;) — eH(a;)(9 (X /7)(r — £, w)| —\rw(t,roj) — etl(u)T(e logi, r — t,u;)| 

<Ce (t + r) 3 ^^- 1 . (8.27) 

By flgggj) and (|Q7|) . we get 

|W(<r,w) -H(u;)(<9 CT [/)(<7,u;)| < lim C (2t + a f X+Ce ~ X = 0, (cr, w)g1x O', 

t—>oo 

which, together with (18.261) . shows (I8.25[) . 
We put 

1 - 

C( U ) = --^^( W )G m M T H( W ), to G O', 

m=l 

so that we have 

B(w, H(w)Y) = /%) (C(w)F) T , w G O'. 

Observing that ( 11. 18ft can be written as (hi(cu, Y))^ <l<No = H(u;)Y, we obtain from 
(gUP and (IQjj) that 

F red (w, Y) = -2B(u, H(u)Y)Y = -2 (C(w)Y, K) /3(w), (w, F) G C x R". 

Hence, recalling F Ted {oj', Y') ^ 0, and taking smaller 0' if necessary, we may assume 
that 

(C(w)Y f , Y') ^ for any w G O' . (8.28) 
First we assume that there exists some (u*, Y*) G O' x R-^ such that 

(C(a;*)y*,/3(a;*))^0. 

Then in combination with ( I8.28P for u = go*, Lemma [8.41 implies that there exists 
Y° G R N satisfying 

(C(u*)Y°, Y°) + and (C(u*)Y°, /%*)) > 0. (8.29) 

We put 

A = (C(lo*)Y , /%*)) , fi = (C(lu*)Y°, Y°) . 

Note that (I8.29P implies A > and /x ^ 0. Now fix some <j > 0. By Lemma 17751 
we can choose some Cg°-data such that we have 

((Wi 1 ffy])Kw)L <ff = y° I ^eS 2 . (8.30) 
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Let U = U(a, co; e) be the modified asymptotic profile corresponding to this choice 
of data. We set 

& e (t, °, w) =(elogt)B(w, H(u){d a U)(<T, u; e)), 
\ e (a,uj)=(C(uj)(d a U)(v,uj;e),P(uj)), 
fi e {a,u) =(C(u)(d a U)(a,U);E), (d a U)(a,u;e)). 

Since C and (3 are smooth in O', in view of (I8.23j) and f)8.30p we get 

lim A E (a,u;) = A , lim fi £ (a,u) = fi . 

Hence there exist an open set O" C O' (with u>* G (9") and some open interval 
1(3 o"o) such that we have 



A /2 < A e (cr, w) < 3A /2, (cx, w)6lx 0", 
|/i e (a,w)| > |/io|/2 > 0, {a,u)elxO" 



(8.31) 



for small and positive e. We may assume a > for a G X. Now (" 18. 161) (with 
p = C(w)(9 (7 ?7), g = f3(u), and ?/ = d a U) yields 



3 e (t,<r,u;) 



(9 ff Z7)((7,w) 



A e (cr,a;) 



>M( e ^/ 2 -l)_C> M t Aoe/2 
3A 6A 



(8.32) 



for (<J,u) G X x 0" and t > t*, where we have put r = elogt, and t* is some 
positive constant depending on e. In view of (I8.2ip . this shows that (AFP) does 
not hold. We define 



E{tf ,- 
By (1HH2]) . we obtain 

E(t)> 



t/2 



(cU/)(r-t, W )| 2 ^ dr. 



Mo 



36A 2 




1/2 

t Xo£ dSuda ) > Ct Xo£/2 



o Ji Jo 



(8.33) 



for t > £*. From Corollary O and ( ET55j) . we find that ||«(t) || B > Ce(l + t) Ce for 
t > t** with some t** > 0, and (AFE) never holds. 
Next we assume that 

(C(u)Y,P(u)) = 

holds for all (u, Y) G O' x M^. Fix some a;* G O', and some o"o > 0. Because of 
([OSD , if we put F° = V, we have (C(w*)F°, F°) ^ 0. Now we choose some data 
such that we have (I8.30p . As above, we can also choose some 0"(c O') and some 
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interval X(3 ctq) such that (I8.3ip holds for small e. Then, from (I8.16P we obtain 
e ® s( t,a,u) (w) | = | (d a U) (a, u;e) + (e log t)fi e (a, u)(3(u) \ 

>\tA £ \ ogt -C > ^ehgt (8.34) 

for (a, u) e 1 x O" and t > t* e with some t* > 0. From (18.341) we conclude that 
(AFP) fails to hold. Finally fljgg) leads to £(t) > Celogt for t > £*, and we find 
that (AFE) does not hold because we get ||«(£)||.e > Ce 2 logt for t > £** with some 
t** > 0. This completes the proof. □ 
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